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\^ ' On etudie des estimations semiclassiques sur la resolvente d'operateurs qui ne sont ni ellip- 

("^ , tiques ni autoadjoints, que I'on utilise pour etudier le probleme de Cauchy. En particulier 

nJ ' on obtient une description precise du spectre pres de I'axe imaginaire, et des estimations de 

^p I resolvente a I'interieur du pseudo-spectre. On applique ensuite les resultats a I'operateur de 

fH , Kramers-Fokker-Planck. 
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Abstract 



We study some accurate semiclassical resolvent estimates for operators that are neither 
selfadjoint nor elliptic, and applications to the Cauchy problem. In particular we get a 
^^ ■ precise description of the spectrum near the imaginary axis and precise resolvent estimates 

}_( ' inside the pseudo-spectrum. We apply our results to the Kramers-Fokker-Planck operator. 
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1 Introduction 

In certain applications one is interested in the long-time behavior of systems described by a linear 
partial differential equation. For example in kinetic equations one studies the decay to equilibrium 
of various linear and nonlinear systems. For the Kramers-Fokker-Planck equation, that will be 
studied here, exponential decay was shown in |18j and an explicit rate was given in ^, following 
earlier results of Desvillettes and Villani who established explicit decay of any polynomial order 
in i~^ |S]. In 13 |Sj more general discussions on decay to equilibrium in kinetic equations can be 
found. 

The study of the long-time behavior naturally leads one to study the spectrum, and, for non- 
selfadjoint problems that we study here, to study the growth of the resolvent. For the Kramers- 
Fokker-Planck equation this is complicated by the fact that the operator whose time evolution 
is to be computed is not elliptic, but only satisfies certain subellipticity conditions. To deal 
with this Herau and Nier exploit the relation between the Kramers-Fokker-Planck operator and 
certain Witten Laplacians. They obtain estimates for the decay to equilibrium in terms of the first 
eigenvalue of this Witten Laplacian. More on the connection between the Kramers-Fokker-Planck 
equation and Witten Laplacians can be found in |S|. 

Resolvent estimates have been studied from a different perspective by a group of authors in- 
terested in the notion of pseudospectrum, i.e. the region in the complex spectral plane where the 
resolvent may be large. In recent years there has been a great interest in this area following work 



of Trefethcn, Davics, Zworski and others |2U[01l^l21j. In \S\ the authors studied the location of 
the spectrum inside the spectrum in the semiclassical hmit, and adapted subeUiptic estimates to 
this situation. In jJUj, M. Hitrik has obtained related results for operators in one dimension. 

In the present work we apply such ideas to a class of pseudodifferential operators that includes 
the Kramers- Fokker-Planck operator. We obtain a number of higher eigenvalues, in the semiclassi- 
cal limit, for the original operator, i.e. not the Witten Laplacian. We also obtain precise resolvent 
estimates. We use roughly the same estimates as [H] in one region of phase space, while in other 
regions we have to make important changes, and additions. This is then applied for the time 
evolution. 

Evolution problems have also attracted recent interest 0] ^1 Q] , and here a difficulty is the 
generally quite wild growth of the resolvent inside the pseudospectrum. It is therefore of interest 
that for a concrete physically interesting model, we are able to control the resolvent sufficiently 
well to get quite precise results about the long-time evolution. 

Spectral properties for some different Fokker-Planck equations (without the subellipticity prop- 
erty) have been discussed by Kolokoltsov ^21- In probability theory many other problems for 
equations with a small diffusive term have been studied, see for example the monograph ,7,. 

Our main example, the Kramers-Fokker-Planck operator is given by 

P^vhd^- V'{x) ■ hdu + ^{-{hd^f + v^ - hn) (1.1) 

on M^", where y is a C°° potential, h is essentially the temperature, and x, v E W\ The operator 
P is derived from the original equation, introduced in one-dimensional form by Kramers jl3| . in 
Section [T^ below (see also ^3], |2]). The time evolution problem is given by 

{hdt + P)u{t,x,v)—0, u{0,-,-) = uq. 

As mentioned, we are interested in the low temperature limit 

0</i< 1, 

and the equations are rescaled according to the standard convention in semiclassical analysis, where 
each derivative comes with an h. Our main result about the Kramers-Fokker-Planck equation is 
the following theorem. 

Theorem 1.1 Assume V is a Morse function and that outside a compact region, \V'{x)\ > cq > 0. 
Assume also that the derivatives of V of order 2 or more are bounded. Then there exist constants 
c, C" > such that for every C > \: 

a) For any fixed neighborhood $7 of the eigenvalues of the quadratic approxim,ation of P\, _. at the 

critical points, there exist Hq, C" > such that for < h < h^, \z\ < C, z ^ Q, 

h\\u\\<C"\\{P-hz)u\\, Vuefi. 

b) There exists hi > 0, such that forO<h<hi,Re (z) < c\z\^/^h'^^^ and \z\ > Ch, 

|z|i/3;j2/3||^|| < c'\\{p - z)u\\, Vwefi. 



In fact this theorem on the Kramers- Fokker-Planck operator is a consequence of a more general 
one. Let us first write the hypotheses that wih be needed for the symbol p of the more general 
operator p™ that we shall study. We assume that p = pi + ip2 is a smooth function on R^"^ with 
Pi > 0. (The previous space E^"^ now becomes R".) 

Assumptions near the critical points: Assume that p has finitely many critical points 
pi, P2, ■■■, Pn with p{pj) = 0. Let S{p) > be equivalent to the distance from p to C := 
{pi, p2, ...; Pat}, with S" G C°°. We assume in the following that in a fixed open ball B containing 
C we have 

(HI) pi+eoH^pi^S^ (1.2) 

for a sufficiently small eo > 0. The assumption that p{pj) = is for simplicity only. As we shall 
later, this implies that the critical points are non-degenerate. 

Assumptions at infinity: In the following we use the notions of admissible metrics and 
weights in the sense of the Weyl-Hormander calculus, that we review in Section [T] We first define 
an admissible metric on R^" with p = (a;, ^): 

To = da; + ^, 
where A — X{p). There is no restriction to assume that 1 < A e C°°, and we suppose also that 

(H2) AeS'(A,ro), aAeS'(i,ro). (1.3) 

If m is an admissible weight, recall that S{m, Fq) is the class oiC°° symbols p satisfying d°dtp{p) — 

O (to(p)A(p)~I^I) . We suppose first that p is a symbol of order 2 but with the first and second 
derivatives better than what would be given by the symbolic calculus: 

(H3) pe5(A2,ro), ape5(A,ro), 9Ve5(i,ro), aiJp.pi e 5(A,ro). (1.4) 

We now assume that outside any fixed neighborhood of C we have the following gain 

(H4) PI + e^Hl^pi ^ X^ . (1.5) 

Note that these assumptions are satisfied by the symbol of the Kramers-Fokker-Planck operator 
(see Section ing . In order to give a unique assumption on the whole space, we extend the function 
5 to R^" to be a smooth function on M^", strictly positive away from C, and constant outside 
a fixed neighborhood of that set. There is no restriction to assume that A = 1 inside the same 
neighborhood. Then (|1.2H1.5| can be summarized in the following way 

Pi + eoHl^Pi^{\5)\ (1.6) 

We have the following theorem for P ^ p^: 

Theorem 1.2 Suppose p satisfies (HI— H4). Then there exist constants c, C > such that for 
every C > 1; 



a) For any fixed neighborhood Q of the eigenvalues of the quadratic approximations of P\, at 

the critical points, there exist ho, C" > such that for < h < ha, \z\ < C , z ^ fl, 

h\\u\\<C"\\{P-hz)u\\, Vuefi. 

b) There exists hi > 0, such that forO<h< hi, Re (z) < c|z|i/3/i2/3^ |^| > (jj^^ 

|2|i/3/j2/3||^|| <c'\\{p~z)u\\, Vwefi. 



Here, if po is a critical point of p, we define the quadratic approximation Pq of P, to be the 
h = I quantization of J2\a+a\=2 ^^.(^x'^fPiPo)^"'^^- As we shall see, Pq has discrete spectrum and 
compact resolvent in a weighted space and the eigenvalues can be computed explicitly. (In fact, 
the spectrum is discrete even without weights and this fact will be used in Section [TlTl 

Staying in the general case, we shall next give results about the spectrum and the associated 
heat equation. We then define P to be the closure of p'" with domain S. In Section[71 we shall see 
that the Fefferman-Phong inequality implies that Re (Pw, u) > — C/i^||u|p, u G S and hence also 
for u G 2?(P) (this is immediate in the KFP case). In other words, P is accretive and we shall 
assume 

(H5) P is m-accretive, (1-7) 

i.e. P has no accretive strict extension. In the KFP-case this has recently been established in great 
generality by Helffer-Nier 8^ and their result implies (H5) under our assumptions on V. In the 
general case, we shall see that the following assumption 

(H6) liueL^ and {p"" + l)u G S, then ueS, 

implies for h sufficiently small, that I?(P) = {u E L^; Pu G i^}, and hence P is m-accretive. 

Theorem 1.3 Suppose P satisfies (HI— H5) and let C > 0. Then there exists ho > such that 
for < h < ho, the spectrum of P in the disc D{0, Ch) is discrete, and the eigenvalues are of the 
form, 

\,,kih) ^ /i(/i,,fe + h^/^-" fij^kA + h^^^-''fi,^k,2 + ...), (1-8) 

where the fij^k ore the eigenvalues in D{0, C) (repeated with their multplicity) of the quadratic 
approximation of P\ at the critical point pk and Nj^k is the dimension of the corresponding 

generalized eigenspace. 

Here it is understood that C has been chosen, so that no quadratic approximation has any eigen- 
values on the boundary of the disc D{0, C). The explicit form of those eigenvalues will be given in 
ProDOsition lS.ll and in Sectional Note that they are distributed in an angle in M+ -I- iR avoiding 
the imaginary axis (except in 0). 

As a consequence of the resolvent estimates and the description of the eigenspaces we give the 
following theorem on the large time behavior of the semi-group associated to P : 

Theorem 1.4 Suppose P satisfies (HI)— (H5). Consider the set {pjk\ of eigenvalues of the 
quadratic approximation of P\h=i at the critical points (repeated with their multiplicities) defined 
in the preceding theorem. Let b > be such that the line Ke z = b avoids the set {fJ.jk} o.'nd define 



the finite set J{, — {fJ.j,k] R-e(/ij^fc) < b}. Assume that the fij^k in Jb are simple and distinct. Then 
we have 



e 



-tP/h 



J2 e-*^-'=/''nj-fc+0(l)e-*^ m C{L^,L^), (1.9) 



f^j,k^Jb 



where Xj^k is the eigenvalue of P associated to fj.j,k, and Tij,k the associated (rank one) spectral 
projection. Here the term 0(1) is with respect to t > and h ^ 0. 

We construct explicitly a global weight function G with controlled derivatives, satisfying in 
particular G = 0{h), G' = 0{h^^^) and G" = 0(1). The main idea (also used in many earlier works 
on resonances and non-selfadjoint operators) is that we get the new leading symbol p^ p+j{p,G} 
with an increased real part, where {., .} is the Poisson bracket, and e is small and fixed. We will 
use it both near the critical points of p and at infinity. Contrary to the earlier works mentioned 
above (but similarly to 0) we need resolvent and evolution estimates in the original L^ space 
and this requires G/h to be bounded in order to have an equivalent norm on the weighted space. 
Consequently the estimates become more delicate. The technical realization of this idea can be 
made either by using the FBI-Bargmann transform and weighted spaces of holomorphic functions 
or using pseudodifferential calculus (since G/h is bounded). We found it convenient to use the first 
method near the critical points and the second one elsewhere. We choose the semiclassical variant 
of the Weyl-Hormander calculus with a metric sufficiently general to cover the case of the KFP 
and related operators. 

The plan of the article is the following. The next section is devoted to the construction of G. 
In Sections 3 to 6 we work near the critical points by using the Fourier-Bros-Iagolnitzer transform 
in a modified L^ space i|, associated to G. Here G will play the role of a local escape function. 
We recall in Section 3 some basic facts about the FBI transform and construct the spaces L|, . In 
Section 4 we get local resolvent estimates for a truncated operator satisfying (HI) . In Section 5 
we recall some facts on the quadratic differential operators from |15| and give a localized version 
of them. Then in Section 6 we compare the operator P to its quadratic approximations at the 
critical points to get precise local resolvent estimates near the critical points. 

In Sections 7 to 9 we work away from the critical points of p in the real phase space using 
the semiclassical Weyl-Hormander calculus. Here p satisfies hypothesis (H2— H4). Section 7 is 
devoted to some basic facts about the semiclassical Weyl calculus and the construction of a metric 
adapted to the symbol p. In Sections 8 and 9 we get resolvent estimates using a multiplier method, 
where the symbol of the multiplier is essentially 1 + G/h. 

In Section 10 we combine all the resolvent estimates given in Sections 3 to 9 and we prove 
Theorem 11.21 Section 11 is devoted to the proof of Theorem 11.31 i.e. the asymptotic expansion 
of the eigenvalues of P: We solve a Grushin problem thanks to a slight variation of the resolvent 
estimates given in Section 10. In Section 12 we prove Thcorcm ll.4l about the large time behavior of 
the semigroup associated to P under hypothesis (H5). Eventually in last section we check that all 
the hypotheses (HI— H4) are satisfied for the symbol of the KFP operator, which proves Theorem 

o 

2 Bounded weight function 

The aim of this section is to build a weight function G defined in the whole space, uniformly 
bounded by a multiple of h. Recall that B is the fixed open ball appearing in (HI). The result is 



the following proposition: 

Proposition 2.1 Suppose p satisfies (HI— H4). Then there exists a constant C > and a func- 
tion G € C°°(IRp") such that uniformly in h, e > sufficiently small, we have 

9'=G = o(,5(2-'=)+) for5\<h^/\ 

d^G = o(h{5\h:)-^/A in{pcB;5\>h^''^}, (2.1) 

d'^d^G = O (^/ji-fc/3A-(min(|a|,i)+|,3|)/3\ outsidc B, \a\ + |/3| = k. 

Note that this implies G ^ 0{h), Ha = 0{h^/'^) and d'^G == 0(1). Secondly G is such that 



dcf 



a) In B, if we let p denote an almost analytic extension and if we put p{p) = p(p + ieHcip)) = 

Pi{p) + iP2{p) where p G M^", we have 

Pi>^m:m({5Xf,{5\hfl^), p2 = 0{{5\f). (2.2 

b) Outside B, we have 

■n. 4-en^ G > 

C 

The construction near the critical points 



e ' '■ •^2/3^ 



pi + eHp,G >-{pi + (hXy^^). (2.3) 



Let pj E C. Fix T > 0. In a neighborhood of pj, we set 

Gt ^ kT{t)pi o exp itHp^)dt, (2.4) 



where krit) = k{t/T) and k e C(R \ {0}) is the odd function given by: k{t) = for \t\ > 1/2 and 
k'{t) = —1 for < |t| < 1/2. Notice that k and fcy have a jump of size 1 at the origin. Gt is a 
smooth function satisfying 

Hp,Gt = {pi)t ~ Pi, Gt^O{S^), WGt^O{S), 

where 



1 r'^ 

{pi)t = 7^ I Pi o exp {tHp^)dt. 

1 J-T/2 

Consider the dilated symbol 

p = Up)=P{p + ^^HG{p))^p{p)~ieHpG{p) + 0{e'\\/G\^), 

with real and imaginary parts, given by 

Pi - pi(p) + eHp,G{p) + 0(e2|VGn 

= (1 - e)pi(p) + e(pi)T + Orie^S^), (2.5) 

P2-P2(p)-ei/p,G(p) + 0(e2|VG|2). 



Using H1.6|l near C, we see that if we fix e > small enough, depending on T, then in an {e,T) - 
dependent neighborhood of pj , we have 

Pi>^S^p,^0{S'). (2.6) 

Note in particular that p takes its values in an angle around the positive real axis, pi > P2- Note 
also that another choice of weight function near the critical point could have been rHp^pi for r 
sufficiently small. 

The construction away from the critical points 

We work in a region 

{p; SXip) > h'/'}. (2.7) 

Let tjj G C^{] — 2, 2 [) be a cutoff function equal to 1 in [—1, 1]. Let M be a large constant to be 
fixed later. We choose the following function 

where we recall that S — S{p) and A == A(p). 

We first check the bounds for the derivatives of G. Of course when Mpi > 2{h6X)^/^, G — 
and we have only to study the derivatives in the region where Mpi < 2{h6\)^/^ . 

Observe that the estimates H2.1II for G in {(5A > /i^/^} can be equivalently written using the 
following Riemannian metric 

^''~ [Shf/^ ^ ((5A/i)2/3' 
by saying (in the Hormander terminology of spaces of symbols, see Section [TJ that 
Lemma 2.2 G G S{h, Th) and VG e S{h{5\h)-^/^ ,Th). 

Proof. For the following estimates of the derivatives we shall use this terminology and stay in 
the region {(5A > /i^/^} fl {Mpi < 2{h5X)'^/^] . We work step by step by studying the derivatives 
of each function entering in the composition of G. 

Estimates of p. We know that p G S'(A^, dx^ + d^^/A^) from the hypothesis. /^From the fact that 
p is a Morse function we get that p E S{{S\)'^, dx^ jS^ + d^ j{8X)^\ For the same reason we have 
Vp e S(8\ dx^/5^ + d(^/{5\f). Besides we have on {5\ > h^'"^} 

Th > dx^/5^ + di'^/{5\f > C-^To, (2.9) 

since S'^ > (Sh)'^/^ and ((5A)^ > (SXh)"^^"^ in this region. As a consequence we get that 

VpeSiSX,T,,). (2.10) 

Estimates for pi. Since pi is nonnegative with bounded second derivatives, we can apply the well 
known inequality for W'^'°° functions 

|V/|2<2/||/"||oo, (2.11) 



which yields |Vpi| < C^. Since pi < 2(hb\fl^ we get that Vpi = 0{{U\fl^). Together with 
the fact that pi has its second derivative bounded and (|2.9|) we get that 

Vi^S{{8\hfl^Sh). and Vpi £ 5((5A/^)i/3, T,,). (2.12) 

Here we used that V^pi e 5(1, Tq) C S'(l,r,j). 
Estimates for powers of SX. Using (|1.3|) . we first note that 

<5A e S{{5X),dxy6^ + de/{5\f) 
Together with the fact that V((5A) e 5'(1, dx^/S'^ + d(^/{5\f), this gives for a G R, 

(<5A)"e5((a)",r^), and V((5A)" G 5(((5A)"-\r^). (2.13) 

Estimates of pi/{hSX)'^/^ . From (|2.12|) and (|2.13|) with a = -2/3 we get immediately that 

Pi/(m)2/3e5(i,r,). 

Besides let us write 

V (pi/(MA)-2/3^ ^ (Vpi)(WA)-2/3 +piV(/i(5A)-2/3. 

From the same estimates for the derivatives we get 

and 

PiV{h5X)-^/^ e 5((WA)2/3 X /1-2/3 (5^)^5/3 ^p^j ^ 5((/i(5A)-i/3,rft), 

where in the last inclusion we used the fact that SX > h^'^. Summing up we have proven that 

Pi/(MA)2/3e5(l,r,0, and V (pi/(/^a)2/3) e 5((MA)-i/3,r^). (2.14) 

Estimates o/ ■!/;(A/pi/(/i5A)^/^). An immediate consequence of the first part of (|2.14|l is that 

V'(Mpi/(MA)2/3)e5(l,r,,), 
since ip is C°° with compact support. We need to estimate the derivatives of this expression, 
Vi^(A'fpi/(/i<5A)'/3) ^ ^y (pi/(MA)2/3) ^'(Afpi/(MA)2/3). 

For the same reason as before we have 

V''(Mpi/(MA)2/3)e5(i,r,0. 

Using the second part of (|2.14l) . and summing up we have proven that 

V'(Mpi/(MA)2/3)eS'(i,r,,), and \7^/j{Mpi/{hSX)^/^) e S{{h5X)-^/^,rh). (2.15) 



Estimates for Hp^pi. We observe that Hp^pi ~ cr(Vp2, Vpi) where a is the canonical symplectic 
form. Using H2.10|l for p2 and (|2.12|) for pi we get 

Hp,pi e S{{dX){h6Xy/\Th). 
From the hypothesis (|1.4() and the fact that p is a Morse function we can write 

\7Hp,pi e S{6X,dxy6^ + d£_y{SXf) c S{SX,rh). 
Summing up we have proven that 

iJp,PlG5(/^l/3(<5A)^/^^^), and \/Hp,pi e S{SX,Th). (2.16) 



Estimates for Hp.^pi/{h^^^{SXy^^). From the first parts of (|TT^ and (|TT^ with a = -4/3 we 
immediately get that Hp^pi/ih^^'^iSX)'^/'^) e S'(l,r;i). Its derivative is given by 

^/iV3(a)4/3 - /,l/3(a)4/3 +Hp.Piy{h {6X) ). 

Using l|2.16|l and (|2.13|) we respectively get that 

^^'^P' e^((m)-V3,r,), 



/ll/3((5A)4/3 

and 

Hp,p,Vih-^/^i5X)-^/^) e ^(/ii/3(a)4/3 X /i-i/3a)-7/3,r^) c S{{6X)-\Th). 

Using the fact that SX > {SXhy^"^ in this formula gives 

^^,^||^G5(l,r,), and ^J^i§f§^^SiihSX)-^f^T,). (2.17) 



Estimates for G and end of the proof of lemma \2~^ We can now prove the estimates for G. From 
the first parts of H2.15|l and (|2.17(l and multiplying by h we get that 

G(.S{h,TH). 

From the second part of the same expressions we also get immediately that 

VG e S'(/i(MA)-i/3 Fft). 

This completes the proof of lemma IT^ and therefore of the estimates H2.1|l when 5X > h^/"^. D 
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Proof of (j2.2j) in the intermediate region 

We work here in the region {p e B; h^^^ < SX}, but many of the estimates wiU be vahd also near 
infinity and used later, so we indicate when the validity is restricted to a bounded region. Consider 
the function G defined in H2.8I) : 






For p{p) = p{p + ieHcip)) = Vi{p) + W2{p) in B, we have 

P2=P2-eH.p,G + 0{^\VG\''). 

Let us estimate the remainders. ^From (|2.1|) we know that VG — 0{h^^^{5X)^'^/^). As a conse- 
quence 

0{e^\VG\^) = e2C'(/i4/3((5A)-2/3) < e^O{{h5Xf/^), (2.19) 

since h'^/^{6Xy^/^ = 0((/i(5A)^/^) when 5A > h^/'^. Let us now study the first two terms of the 
expression of pi depending on the size of pi . 

Estimates when pi is large. We work first in the elliptic region 

jpeM^"; Afpi > (MA)2/3|. 

From 12. 1() and the fact that Hp^ = 0{SX), we get 

Hp^G^O{{SXh)^^^). (2.20) 

Restricting the attention to B we recall that the remainder in (|2.19f) is e^O{{6Xh)^^^) and that 

Pi=Pi+ eHp,G + e20(((5A/i)2/3). 
Choosing e small enough yields 

^^- CM 
On the other hand we have using the bound on the remainder and of Hq that 

P2^0ii6X)'). 

Estimates when pi is small. In the region 

|p e R2"; Afpi < (MA)2An , (2.21) 

we can write G = ^^Tsxiwr^T/a ■ We have therefore 

PI + eHp^G = PI + ehj^^U^ + eh{Hp,p,)Hp, i^{dXr'/^h''/') . (2.22) 



11 



For the third term of I^TT^ we use that |Vpi| < C^ < C{hSX)'^^^/VM, |Vp2| < CSX and get 
using also H2.13|l 

ehiH,,p,)H,, [i6\r*/'h-'/') ^ -^0{h) = -^0{{6\hf/% (2.23) 

since ^A > h^/"^. We study next the sum of the first and the second term. We first observe that 

h 
(5A)4/3/ii/3 - ^' 

and from p.6|l provided e < eo, we get 

"■ + ''(5^ ^ iiSAJ^TTjC' + '»'^'-«) - f ("")'"■ •^■^'" 

Therefore choosing M sufficiently large (and fixed from now on) gives 

Pi + eHp^G > €{5\hf/^/C. (2.25) 

Since the remainder term in H2.f9|l is e^O{{6\h)'^/^), and choosing e sufficiently small again, we 
get on B: 

Pi>e{5\hf/^/C for(5>/ii 

The global construction 

We shall glue together the two weights constructed in the previous two subsections. Let us denote 
by Gint the interior weight Gt defined in (|2.4|) and Gout the one defined in (|2.8|) where we recall 
that the constants T , and M appearing in the definitions are fixed. Recall also the main properties 
of these weights: 



a'^Gint =C'(<5(2-fc)+) 
and 



P,+.H„G,„.>^(«P, '° "• <^'2''' 



We now build a function G defined everywhere and satisfying Proposition l2.1l In the following, we 
introduce an additional large real constant N to be fixed later. We first build modified functions 

Gint and Gout- 

Construction of a modified Gint • Let us introduce the following function 



dcf 



S\ 



P'-^^mh^^P" 



where x € G^(M;[0,I]) is a standard cut-off near 0, equal to f on [0,1] and to on [2,+oo[. 
Notice that pi = when SX > 8Nh^^^ and that pi^ = pi when SX < iNh^^'^. Define now Gint as 
in 12.4|l but with pi there replaced by pi. Then Gint has its support in {p; SX < I6A^/i^/^} and 
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coincides with Gint when 5X < 2Nh^^^ (assuming that T has been fixed sufficiently small). As a 
consequence we get that 



^((5A)2, when S\ < 2Nh^/^, 
everywhere. 



Pi+eiJ,,Gi„t>^ r ' ' .........7. ' (2-28) 



Note that this implies the following bounds : 

^((5A)2, whena</ii/2, 

Pi + eiip,c.i„t ^ <; ^^4/3(^^/^)2/3^ ^^^^ ^^,1/2 ^sx< 2Nh^/\ ^^-^^^ 

0, when 5\ > 2Nh^l^, 

where for the second bound wc used the fact that ((5A)^ > (JA/i)^/"^ when 6X > h^^^, and for the 
third bound the fact that (SX)^ > N*^^{dXhf^^ when SX > Nh^/^. 

Let us now study the derivatives of Gint- Since Gjnt — Gint when 5X < 2Nh^/'^ we get that 

d'^Gint = 0{S^^-^^+) when 5X < 2Nh^'^. (2.30) 

When 2Nh^/^ < 5X < IQNh^'^, Gint inherits the properties of pi, i.e. a'^Gint = C'((7V/ii/2)(2-fe)) 
which yields 

d''Gi,,t^Ck{N)0{h{h5X)-'''^) whcnh^/'^ <5X<0{1), (2.31) 

(of course this estimate is true when 5X > 16Nh^^^ since Gint is zero there). 
Construction of a modified Gout • For the same x a-s before define 

&„.(p)eG™.w(l-x(^) 

We notice that Gout ~ Gout when X6 > 2Nh2 and Gout = when XS < Nh^. Therefore we have 
directly 

,((5A/i)2/3, for A(5> 2iV/i5, 



Pr+.i/..Gout>^ -^ ' ' ^,,, ,-, < ^,1/2. (2.32) 



In the area Nh 2 < XS < 2Nh 2 , we can write uniformly in A^ > 1 that 

(2.33) 



Pi + eHp^Gout > (Pi + e^p2G'out)(l ~ x) - <^G out Hp^x 



>-e|Gout|.|^p.x|. 

We know that Gout = C>{h) and that \Hp^x\ < \dp2\ \dx\ = 0{SXj^^). This gives 

/(5A/ii/2~ 



|Gout||i^p.x|=0 



V N 



Now using the fact that 6X = {5Xf^^{SX)'^^^ < {SXf^^{2N)'^^^h'^^'^, we deduce that uniformly in 
Af > 1, 



\Gout\\Hp,x\^0 



(^).. (,«,„- 



13 



Using this and H2.33|) we find that 

pi + eHp^Gout > -eC ({SXh)'^^^^ , when Nh^ < XS < 2Nh^ . 
Eventually we have the following bounds in the whole region 5\< 0{1) : 

( 0, when 5\ < Nh^'^, 

Pi + effp^Gout > < -Ce(5A/i)2/3, when Nh^/^ <SX< 2Nh^/^, (2.34) 

i ^((5A/i)2/3, whenSX>2Nh^^^. 

For the derivatives of Gout we can write immediately 

d''Gout=0 = O{S^^~'''>+), when 6X<h^/^, (2.35) 

since Gout = there. In the intermediate region we check that 

d' (x [j^)) = C,iN)Oih-'^/') = C',{N)0{{6Xh)-'^/') 

since 5X < 2Nh^/'^. Of course the same estimate is true in the larger region {h^/'^ < SX} (IB, since 
X is compactly supported. Now using the fact that d^Gont = 0{h{6Xh)~''/^)^ we get the same 
estimate for Gout 

a'^Gout = Ck{N)0{h{5Xh)-'''^), when h^'^SX < 0(1). (2.36) 

The construction of Gout is complete. 

Construction of the weight function G. We finally pose 

G=(Giu + Gout)/2. (2.37) 

Using the bounds (|2.3UI 12.311 12.351 12.36|) for the derivatives of Gin and Gout we immediately get 
that 

fe ^ r 0(<5(2-'=)+), when 5X < h^l\ 

\ G'^{f^)0{h{bXh)-^l^), in e when /ii/2 < a < 0(1), ^ ' 

i.e. the bounds given in the first two estimates of (|2.1|l . On the other hand, combining H2.29|l and 
H2.34|l gives 

{^(^A)2, when (5A < h^l'^, 

%{bXhfl\ when /ii/2 < a < Nh^l\ 

(^iV4/3 - Ce) [SXhfl^, when Nh^l"^ < 5X < 2Nh^/^, 

■^{SXhfl^, when 2Nh^l'^ < 5XO{l). 

Taking N sufficiently large and fixed from now on, and dividing by 2 gives with a new constant G 

^(^A)2, when SX < /i^/^. 



pi + eHp,G > \ Lsxh)V\ when h^/^ < 6X < 0{1). ^^'^^^ 
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Let us now prove (|2.2|l . This was already proven in (|2.()|) in the region 5\ < h}/'^ since G — Gt 
there. In the region h^/"^ < (5A < 0(1) we follow the same proeedure. We write 

p{p) = Pip + leHcip)) = p[p) - ieHpGip) + ^(e^lVGI^), 
with real part given by 

PI - piip) + eHpMp) + 0(e'|VG|2) = p,{p) + eHpMp) + e^O{{6Xhf''), 

since VG = 0{{SXhy/^) by Lemma IT^ and the fact that SX > h^/'^. Using (|T^ and taking e 
small enough yields 

PI > ^{SXhf^'. 
For the imaginary part p2 we directly write 

P2 = P2{p) - eHp,G{p) + 0(e'|VGn = 0{S^). 
This completes the proof of Proposition 12 . II in the region SX < 0(1). 

End of the proof of Provosition \2.1\ We now work outside B. We first observe that the estimate 
H2.25|l remains vahd, therefore in the region {p; Mpi{p) < {hS{p)X{p))'^^^ } we get (|2.3|l from (|2.24|) 
and (|2.2HI . In the region {p; Mpi{p) > {h6{p)X{p))'^/'^} we use (|2.2()(l and for e small enough we 
get 

Pi+eiJp,G>^(pi + (MA)2/3). 

The proof of Proposition |0] is complete. □ 



3 Review of FBI tools 

The aim of this section is to review the definitions about the FBI transform and the spaces asso- 
ciated to a function G satisfying the estimates of Proposition 12.11 in a bounded region and equal 
to elsewhere. Note in particular that it has its second derivative bounded. The material here is 
essentially taken from ^I. In this section, and in Sections 0] and El we suppose that the symbol p 
satisfies hypothesis (HI) and is bounded with all its derivatives everywhere. 

Definitions and main properties 

Let T be a FBI-Bargmann transform: 

Tu{x)^Ch-^ /e^'^(^'^)w(2/)dy, (3.1) 



where we may choose ip{x, y) = ^(x — y)^ as in the standard Bargmann transform. Other quadratic 
(/? with the general properties reviewed in jJTj are also possible. The associated canonical transfor- 
mation is given by 

KT : (y, -dy(p{x, y)) i-^ {x, dx^{x, y)). (3.2) 
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We have the associated IR-space (see ^Tj for the terminology), 

A*„ = kt(M'"), Mx) - -lm^{x,yo{x)), (3.3) 

where t/o is the point where M" 3 y t—^ — Im(p(x, y) takes its non-degenerate maximum. 
If P = p™, then by the metaplectic invariance, 

TP = PT, P = p^, (3.4) 

we have the exact symbol relation: 

po kt — p. (3.5) 

Shortly, we will recall the definition of the Weyl quantization on the FBI-transform side. 

From now on, we work entirely on the FBI-side, and we shall write P instead of P and simi- 
larly for the symbols. We introduce the spaces L\ = L^(C"; e~^*°/''L((ia;)), where L{dx) is the 
Lebesgue measure, and H^^ the subspace of entire functions. The Weyl-quantization on 7J$o takes 
the form of a contour integral 

^"(^) = T^rvT // a. e^^^-y>'"^p(^Ah)u{y)dyde. (3.6) 

By p, we also denote an almost holomorphic extension of p to a tubular neighborhood of A$(, . If 
we introduce a C°° function ■00 equal to 1 near 0, we get for u G H<^g : 

P<^) - 777^ // .. e^^^-y^-'/'^M^ - y)p{^,0; h)u{y)dyde + i?iu(x), 



(27r/i)" 



aa 



,(X+J,) 



where i?i = 0{h°°) : L\ — > L\ . We make a contour deformation: 

^^-{0 = Y-§^C-^)^^t[lF—y)],^<t<t,,t,>,. 
Stokes' formula gives, 

Pu{x) = j^^ JJ^ ei<^^-yy'M^ - y)p{^^,0; h)u{y)dyde 

1 fff ^H-vy\[y)dy^e{M^-v)p{'^^,e;h))hdyhde + Riu{x), 



(2nh) ,,,,, , 



where Fjo^toj is the naturally defined union of all the Fj for t G [0,to]. The effective kernel of the 

first integral, viewed as an operator on i|, , is 0{h~^)e~ '> 1^"^' , which implies that this integral 
does indeed define a uniformly bounded operator: L\ -^ L\ . The effective kernel of the second 
integral can be estimated by a constant times 



\-«e-il-^l'dist((^,0),A$J- 



2 



dt 



==0(1) / h-'^e-i\''-y\ {t\x~y\)°^dt^O{h°^). 
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We conclude that 

^"(^) = 7^7^ // . ei^^-y^'M^ - y)pi^,e; h)u{y)dyde + R^u, (3.7) 

(27r/i)" JJe^|^(£+«)+,t„^^3^ 2 

for u£H^,,, where i?2 = ©(/i^^) : £|„ ~> i|„. 

The aim of the next subsections is to introduce and study a new strictly subharmonic function 
$e related to G. As for <i>Oj the function <I>g is associated to the space L\ = L'^{C^; e~^'^'^'^L{dx)) 
and its subspace of entire functions _ff$^ . These spaces will be used later to get local resolvent 
estimates. 

Definition and derivative estimates of $e 

Recall that our weight function G{p), p ~ (j/, ?/) defined in Proposition 12 . II satisfies the estimates 
in the region 5X < 0(1) 

W'^G = C'((5(2-'=)+), S{p) < Vh, (3.8) 

V'^G = 0{h{h6y^), 6{p) > Vh. (3.9) 

It follows that in the same region 

V''G = 0{hr-''), (3.10) 

where 

r(p) :=/i3(/i5+^(p))l. (3.11) 

Notice that 

hi<r<h^+S, (3.12) 

so that ft,2 + S{p) is uniformly of constant order of magnitude in B{po, -^r{po)) if Cq > is large 
enough and independent of po- 

In B{po, ^r(po)) we introduce the scaled variables p, by 

P = Po + rap, tq = r{So). (3.13) 

Then the scaled function G{po + r^p) satisfies 

1 

Let 

Im(y,77)-eHG(Re(2/,7,)). (3.15) 

Then for e > small enough, we have 

/.t(A,g) = A$/=^'|(x,C)gC2"; C = ^^(^)}, (3.16) 

where $e(a;) is a critical value w.r.t. {y,r/), 

$e(a;) = v.c.(y,^)gC"xM"(-Ini(/3(a;,y) - (Imy) • ?/ + eG(Rey, ry)). (3.17) 
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V^(G(po + TOP)) = 0{h), \p\ < — . (3.14) 



We note that, when e = 0, the unique critical point is non-degenerate. 

We are in the presence of the foUowing general problem (where we change and simplify the 
notation), namely to study the critical value 

<^e{x) = v.c.yF,{x,y), xeW\ ye M", (3.18) 

where F^{x, y) is a smooth real- valued function such that 

y f— > Fo{x, y) has a unique non-degenerate critical point yo{x), (3.19) 

d'',F,{x,y) = 0, (3.20) 

d^d;;d,F,{x,y)^0{hr-\^\), (3.21) 

where r — h^i^h^ + S{y))3 and 6{y) > is a Lipschitz function. From H3.20|l - H3.21() we see that 

dyF, - dyFo = 0{y) « e, d^yF, - d^Fo = 0{^e) « 1, 

for e ^ 1. So, for Q < e < e^ <^ 1, we see that y h^ F^{x,y) has a unique critical point ydx), 
depending smoothly on (x, e). 

In order to estimate the derivatives of ye{x) we work in an ro-neighborhood of a variable point 
{xo,yo) = {xo,yo(xo)), rp = r{S{yo)), and put x ^ xa + tqx, y^ix) = yoixo + rox) +roye{x), with 
yo{x) = where we hope that y^ — 0{e). Then ye{x) is the critical point of 

y H^ —{F^{xo + rox,yo{xo + rgx) + rgy) - Fo{xo + roX,yo{xo + rox))) =: G^{x,y), (3.22) 

with 

9f9fa = 0(1), d^dld,G,{x,y) = 0(A), (3.23) 

'"o 

dyGo{x, 0) = 0, I det d^Ge\ > 1/C. (3.24) 



Introducing the rescaled parameter e^ by e = ^'e, d^ = -77 9^, we have uniform bounds on all 
ivatiA- 
about d~d~ye{x), so 



^-„-w., ..i„»„ „ v'?- is uuiformli 



the derivatives d-d-d-G^ while cJ^Ge is uniformly non-degenerate, and the same is therefore true 



d^d]iy,ix) - yoix)) - 0(r(A)7^-l«l)^ ^ ^ ^(^) ^ h^h^ + 6{yoix)))'^). (3.25) 

The critical value Ge{x,ye{x)) also satisfies d~:d~{G^{x,y^{x))) = 0(1), so 

a«97(F,(x,y,(x))-i^o(a:,yo(x))) -0(r2(^)'^r-l"l). (3.26) 

We can Taylor expand this with respect to e and get 

F,{x, y,{x)) ^ Fo{x, yo{x)) + Fi{x)e + F2{x)e^ + ... + FN-i{x)e^~^ + Rn{x, e)e^. 
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where 






a«57i?w(x,e) = 0(r2(-)^+Tr-l"l). 



h 
3- 



Returning to (|3.17() . we get 

$,(a;) = $o(a;) + *i(a:)e + ... + <^N-i{x)e''~^ + i?jv(x, e)e^, (3.27) 

where $i, ..., $Ar_i, i?jv satisfy the same estimates and 



$i(x) = G(y(x),r/(x)), {y{x),if]{x)) = Kj,^(a;, -^j:-(a;)). 






Study of P as an operator on i/$^ 

Recall that i?$^ is the subspace of entire fmictions of i|, = L^(C"; e^^'^'^'^L{dx)). Since $j — $o = 
0{eh), we first notice that 

e'^' < \\uUJ\\uU, < e^^ 

and hence for instance 

Ri^O{l)e^'h°° -.Ll^^Ll^. 

Similarly, the effective kernel of the integral in (|3.7|l as an operator: L| — + L| can be estimated 

by ■ 

corresponding to an operator of norm 0{l)e'^'^^ : L\ — > L\ . 

With the previous to fixed, we now make the new contour deformation: 

r* -' \e = ^^((1 - mo + t^e){^) + ihJ^^X , < t < 1. 

Along this contour we have, using (|3.2t)|l . (|3.12|l : 

-dy,eMx - y)p(^,e- h) = 0{l){\x -y\+ e-^r < Oil){\x - y\ + eh'/^r . 
2 r{-^) 

By Stokes' formula, we see that 

^"(^) = tAa^ II e^^^-yy^M^ - y)p(^^e; h)u{y)dyde + R,u, (3.28) 

for u G iJcj)^ , where 

R, = 0{l)(e'^'h°° + h°°) : 1%^ -> i|^. (3.29) 
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Quantization vs. multiplication 

The aim of this short subsection is to check formula (|3.30|l befow i.e. the equivalent of [161 
formula 1.6] for the Weyl quantization. Recall that the /-lagrangian manifold A^q is defined 
by Ajg = \^p + ieHG{p); p £ R^"}, and that G has bounded second derivatives. We also have 

kt(A(:g) = A$^ = -^ ^ = ^^(x) = f^f(a;) >. Notice that the second derivatives of $e, and the first 

ones of ^e(a;) are bounded. Recall that p is (an almost analytic extension of) a C°° symbol with all 
its derivatives bounded. We get for u e _ff$^ 

^"^""^ " ^ky^ Jl ^*^'"'^'V'o(x - y)p{^,e)uiy)dyde + R,u, 

where re = lo = f ^(^) + ito{x - y)\ is the contour of integration and R^ = 0{h°°) : L|^ i — > 

L\ . Sometimes we omit the subscript e. 

We want to prove that for h sufficiently small 

{xPu\u)h^^ = /p,|u|V(^)e-'*'^^)/''i(d.T) + 0{h)\\u\\\ (3.30) 



where x has bounded derivatives (for example X = 1) ^^'^ "^^ define p^ = p{x, j^;^{x)) to be the 
restriction of p to A$^ . The proof is a simple adaptation of the proof given in JS] . We first make 
the Taylor expansion of p, 

(3.31) 

On r,(a;) we have {0j - ^j{x)) = iC{x - y), and r{x, y, 6) = 0{\x - yp + h°°). The effective kernel 
of the operator R corresponding to r is therefore of the form 

|i?(a;, y)\^0 (h-^e-^^^-y^^ '^^\x - y\^{x - y)) 

(3 32) 
^0(h-''e~^\--y\"/^'^\x-y\'/h)h, 

for C sufficiently large (since the second derivative of $ is bounded) . As a consequence 

Ke{Ru\u)^^:^0{h)\\u\\l^. (3.33) 

For the contribution to H3.30|l from the second term of H3.31|l we integrate by part as in JH] and 
we see that this term is ©(/i)!!^!!! . For the third term we simply write 

{27Thr" JJ^ei^^-yy' (^Y^p^^^{x,ax))^^^^^ u{y)dyde 

= ^P{3) (2^' CW) (2^5/2 - Xj/2) u{x) = 0. 

It follows that we have H3.30|l . 

Notice that we can take x to be Lipschitz in H3.30|l . and hence that relation can be iteratated 
to give: 

{xPu\Pu)^^ = / |p,| V|2x(x)e-2*'(-)/''i(dx) + 0{h)\\u\\\ (3.34) 
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4 Local resolvent estimates for large z. 

Again in this section we suppose that p satisfies the hypothesis (HI) and that it is bounded with 
all its derivatives outside a large compact set. The aim of this section is to get resolvent estimates 
for functions localized near the critical points on the FBI side, and for 

h^\z\. (4.1) 

We realize P as an operator with leading symbol -p^ = p\. as TPT~^ : iJ$^ -^ -ff*,, with 
A$^ = KT(AeG), and in the following we identify P with TPT~^. We have seen that V^$e is 
uniformly bounded and consequently (see (|3.3()(l 'l we have with $ = <!>£ and scalar products and 
norms in L|, : 



where p^ = P|a ^^ viewed as a function on A$^, and x(a;) £ C^(C"). We replace in this section 
the small parameter h in the construction of the function G by Ah where A is some large constant. 
As a consequence for e fixed we get from Proposition 12 . II that Pe{p) satisfies the estimates 

Repe(p) > ^min{S{pf,{Ah)hip)i), (4.3) 

inside a large compact set K containing the support of x- From now on the inequalities we give 
are to be understood in K. Note that Cq > and the uniform estimate on V^$£ do not depend 
on A. 

Let xo G C^\M., [0, 1]) be a standard cutoff to a neighborhood of G M and consider 

p,{p)^p,ip) + ±mini\z\,iAh)i\z\i)xo{^-Y^)- (4.4) 

L-o \z\ 

Then there exists a Ci > such that 

Rep,{p) > ^{rmniS{p)\{Ah)h{p)^)) +mm{\z\,{Ah)i\z\i)). (4.5) 

Let us mention for further use that we can choose the support of xo to be contained in a 
sufficiently small neighborhood of 0, so that 

\Peip) -z\> \z\/C2, when Xo(^) ^ 0. (4.6) 

\z\ 



Write 
and denote 



A^ =^ minis {pf,{Ah)i Si p)i), and Z = miTii\z\,iAh)i\z\^). 

, . dcf /(p)% 

x\z\ip) = X"(~g~)' 



then (|4.4H4.5(I can be written as 

Z 1 



Ve^^X\z\ >7^(A2 + Z). 
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Considering x\z\ as a function of x on the FBI-transform side, we get from H4.2|l 

Re (x(P + ^X|.| - z)u\u) + 0{h)\\uf > ^ (/ xA>|2e-2*/"L(da;) + Z{xu, u)^ , (4.7) 

provided that x is nonnegative and (in addition to 14.1|l '): 

Rez<Z/C3. (4.8) 

Here C3 > is some sufficiently large constant which is independent of A, and x\z\ in H4.7|) denotes 
the natural multiplication operator on the FBI-side. 

We shall combine H4.7|l with an estimate for (xi^iujw), that we shall obtain using the ellipticity 
property H4.6|l . This will be obtained using an estimate analogous to H4.2() (that can also be found 
in JSl) but since the support of X|z| may be very small we shall use a rescaling which also dilates 
the Planck constant. 

Proposition 4.1 Under the assumptions \4-.l\4.f^ we have 



I1X,H1<C(^II(P-.)«I|W— ^ll^ll), (4.9) 



for all u € H^^ 



Proof. First assume \z\ < 1. Make the change of variables on the FBI-transform side 

X = \z\ix, hD^ = \z\ihDz, h = y-^- (4.10) 

Then, 

P{x, hD,;h) -z = \z\{P{x, hD~^- h) - ?), (4.11) 

?= ^, P{x,lh) = l-P{x,i-h), (x,C) - \z\Hx,0- (4.12) 

If P{x,£,;h) — p{x,£^) + hpi[x,S) + h^p2{x,^) + ..., (where we now consider the symbols in the 

complex domain), we see that 

00 

P(J,e;M'-E^^(^'f)^'' 


where p = po — T^^p{\z\^{x,£^j}, pj{x,^) = \z\^^^pj{\z\2 (x^^)) are nice bounded symbols, since 
p{x,£,) = 0{{x,S,f). Then using ||^TT|| 

^{Pix,hD,;h) - z) = {P(x,hDs;h) -^, ^= A- (4.13) 

\A \z\ 



L\ transforms into 



L| = {u- / |S(J)|2e~2$(.)/h^(^~) ^ ^1^ 
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with the naturally associated norm and with ^{x)/h — ^{x)/h, so that 

has a uniformly bounded Hessian. Further, x\z\{x) = Xi(2^)- 
We have (omitting the Jacobians) 

\\l.^iP-z)u\\l = \\iP^I)u\\l>\\xi{P^z)u\\l 

= / |xi(5?)n;^ - mu\'e-'~^/''^L{dx) - 0(h)\\u\\l 



<s> 



|X|.|(x)P J-|p, - zn«|2e-2*/'«L(dx) - 0(A)h|| 



>^\\x\.\u\\l-0{^^)\\u\\l. 

Here we used (|3.34|l to obtain the second equality and H4.6(l to get the last estimate. 
In the case \z\ > 1, we get more directly 

||^(P - z)u\\l = I \x\4x)\'j^\p, - z\'\u\'e-'''/'^Lidx) + 0{h)Ml 

> ^WxiziuWl - 0{h)\\u\\l. 



(4.14) 



This completes the proof of Proposition 14. II D 

We can therefore write 
Re (x(-P - z)u\u) + --rZ{xx\z\u\u) 

^0 



<\\(P-z)u\\\\u\\ + -^^zl^^UP-z)u\\ + J—-^ 



Combining this with (|4.7|l . we get 



^ixu\u) < (1 + -^)||(p - z)z.||||«|| + ^J . /; Z\\u\\ + OMH 

62 60 Co V mm(l, \z\) 



and writing X = 1 + (x ^ 1) yields 



^Wuf < (1 + ^)||(P- zH|||z,|| + ^J J" Z\\u\\ + Omiuf + CZ\\{1 x)u\\\\u\\ 
02 Oo Oo y mm(i, |z|j 

Assuming h/ min(l, \z\) sufficiently small independently of A, we get the main result of this section: 

Z\\u\\ < 0{1) (||(P - z)u\\ + Z\\{1 - x)"ll) , (4.15) 

where we recall the assumptions (I4.1|l and H4.8|) on z. 



23 



5 The quadratic case 

The main purpose of this first section is to get resolvent estimates for operators with quadratic 
symboL The main reference for this is j^, and all the computations are explicit. In the special 
case of the quadratic Kramers-Fokker-Planck operator, the form of the spectrum is well known 
(see for example '14J) and we compute it explicitly in section [Ql 

Sectorial property in a linear weighted space and applications 

Let Pq be a quadratic operator in the sense that the symbol p = pi + ip2 is a complex- valued 
quadratic form and assume that the symbol satisfies pi > and a subelliptic estimate 

PI + eoH^pi > ^dl (5.1) 

where do{p) — |pp. Note that this implies that p has as unique critical point. 
Now we use the weight 

G° = Gt, 

introduced in (|2.4I) near the critical point, and use the definition there in the whole space. Since 
p is quadratic, so is G*^, and we have for < e < eq 

Pi + eHj„G° > -^dl (5.2) 

As in section 13 we use the global FBI transform with quadratic phase ip 

Tu{x)^Ch-^ [ eT^'^^^'y^u{y)dy. 



The canonical transformation associated with the FBI transform T is given by kt '■ (y, —dyip{x, y)) i-^ 
{x,dx'^{x,y)) and we define A$q = kt(IR^") and <i>o(a;) = — Im(^(x,yo(a;)), where yo{x) is the point 
where R" 3 y ^-^ —lT[np(x^y) takes its non-degenerate maximum. 
We define 

C2" D A,GO -{(y,??); Ini(y,77) = ei/Go(Re(?/,^))} (5.3) 

and for e small enough we check that 

kt{Kg«) = A<[,o "^^ I {x, ? = 'i~d^^^^ I ' 
where $^ is defined using the following procedure: the function 

Fei^^y^v) = -'^mfix,y) - (Im^;) ■ Tj + eG° {Re y,T]) 

is quadratic and when e = it has a unique non-degenerate critical point for x fixed. By homo- 
geneity, this is also the case for F^. The unique critical point (j/e(a::),ryc(a;)) depends linearly on x 
and smoothly on e. We finally write 

$^(x) = v.c.(y^^)gC'«xK"(-Im</5(2^,2/) - (Imy) ■ r/ + eG° (Re y , r])) 
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From now on we work entirely on the FBI side, denoting by w a function on the FBI side 
(instead of Tu), and by the same letter Pq the (unbounded) operator on L| 

^«"(^) = TTI^VT // a. e^^--y>'pi^,e)uiy)dyde. 

(27r/i)" 770^2 a*ji(i+») 2 

Since the symbol of Pq is quadratic, it is holomorphic and we also have the following formula for 
Pq as an unbounded operator on L^ : 

^ ^^ A(x-v)-e f ^ + y 



(27r/i)" 77g^2 9*a(x+!i)^^j^(^_j^) 2 

We can now make a new contour deformation, and we get an unbounded operator again denoted 
Pq on the space L^o naturally associated to <I>°: 



Pouix)^-—- e^^^-y'-'p{—^,0)u{y)dyde. 

Of course coming back to the real side by the FBI transform, Pq can be viewed as an unbounded 
operator on P^(R") with symbol 

p^pip + ieHco), 

and here the symbol of Pq is quadratic and satisfies 

p, =p,{p) + eH,,G\p) + 0(e2|VG°p), 

P2=P2{p)^eHp,G\p)+0{e^\VG^\'). 

Now each term is quadratic therefore using the homogeneity, ()5.2f) . and choosing e > small 
enough yields 

Pi>^dl P2^0{dl). 

In particular p takes its values in an angle around the positive real axis, pi > e\p2\/C. As a 
consequence we can apply to Pq as an unbounded operator on L|,o the result of '15', Theorem 3.5], 
which gives with d{x) — \x\ : 

Proposition 5.1 Consider Pq as an operator on H^o. Then 

a) the spectrum of Pq is a set {pi} given by 

It E Q + %)^j; A,e5p(P), fc.eNl, 

[ ImAj>o J 

where the Xj s are the eigenvalues, repeated with their multiplicities, of the fundamental matrix 
F of Hess p. 

b) Let z vary in a compact set K C C disjoint from the union of the pjS, then 

\\{h + d^)u\\ <C\\{Po-hz)u\\, \\{h + d^)^u\\ <C\\{h + d^)-^Po~'hz)u\\ (5.5) 

where d{x) — \x\ (essentially equal to |pp if we lift it to A$J, and for u holomorphic with 
[h + d'^)u G L|o and [h + d'^)^u G L|o respectively. 
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Recall that the fundamental matrix of the quadratic form p is the matrix of the (linearized) 
Hamilton flow and is given by 

F = ( Pk ""k 

\ Px,x Px,i 

Proof. This follows from |15l Theorem 3.5] and some remarks: First we note that the presence 
of the small parameter h is easy to deal with since Pq is linearly conjugated with /i(PoU=i) by the 
symplectic change of coordinates (x, ^) -^ {h^x, h^^S,). We also notice that the eigenvalues of the 
fundamental matrix F of p are the same as the ones of the fundamental matrix F of p, also by a 
symplectic change of variables. Point b) of the proposition is a direct consequence of J15l Theorem 
3.5] and the change of symplectic coordinates (a;, £,) — > {h'^x, h^^^). D 

In Section E] we shall explicitly compute the eigenvalues in the case of the Kramers- Fokker- 
Planck operator. In the next subsection we shall compare an operator P with its quadratic ap- 
proximation near its critical points: In order to get a global a priori estimate for P — hz, we will 
need a truncated version of H5.5|l . 

Localized resolvent estimates 

Let xq G C^{C"), Xo = 1 near a; = 0. We fix e > small and write in this subsection $" instead 
of <I>g. The simple idea is to apply l|5.5|l with u replaced by xou and then try to estimate the 
commutator [Pq, xo]u- However, xo" is not holomorphic, so we will replace xou by Hxow, where 
H : L^o — > H^o is the orthogonal projection. 
The main result of this subsection is 

Proposition 5.2 Let xo G C5"(C") be fixed and equal to 1 near 0, and fix k ^ R. Then for z 
varying in a compact set which does not contain any eigenvalues o/Ppj/j^i, we have 

\\{h + dy-\ou\\ < C\\ih + d^r'^xoiPo - hz)u\\ + 0{h-^)\\lKul (5.6) 

where K is any fixed neighborhood o/supp(Vxo)- 
We need a series of technical preparations. 

Estimates for [Pq,Xo\- We have 

[Po,x]= Y. hxc.A^)x''{hD,)f^ + h\oA^). 

|q+/3| = 1 

where Xa,f3 & ^^(C"), supp (Xa.fi) C supp Vxo- We can conclude that 

\\[Po,xM<Ch\\lKu\\, (5.7) 

where C depends on x and K is an arbitrarily small neighborhood of supp (Vx). Here we also use 
that lllsuppxl^^)"""!! ^ C'l|l-ft'M|l, if w is holomorphic near K. 

Estimates for [Po,Il]. Recall (from e.g. ^7]) that H is given by 

Hm(x)=C/i-" /e-^(*''(^'^)-*"(^»u(y)L(dy), (5.8) 
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where ^°(a;, z) is the unique (second order) holomorphic polynomial on C^" with '^'•\x, x) = <i>°(a;). 
Notice that 

(a,vi/0)(^,^)^a^$0(x), (5.9) 

and recall the well known fact that 

2Re*°(x,i/) - $°(a;) - <i>°{y) ~ -\x - y|^. (5.10) 

For |a + /3| < 2, we get by integration by parts, 

[x'^{hD,f,U\u{x) = Ch-'^ Jix'^ihD^f - (-my)^y")e*(*°(^'^)-*''(«»u(y)L(dy) 

= Ch-" J e*(*"(-'^)-*''(^))a„,/3(a;, V, h)u(y)L{dy), 

where 

aa,p = {x'^ihD, + ^d,^"ix,y)f - {-hDy + -^dy^^{y)f oy^){l). 

Using H5.9|l . we see that 

aa,/3= < &i(a;,2/), \a + l3\ = I, (5.11) 

[ b2ix,y) + hbo, |a + /3| = 2, 

where 6j is a homogeneous polynomial of degree j, vanishing on the diagonal when j — 1,2. 
Relation fOTH impHes that the effective kernel of H : L|o ^ i^o is 0(/i-"e-l"=-2'l'/(^'')), so 



a^;,n^/3 ttu.ii ^ /o^^W / H^H' , |a + /?l = l, 

|l(/i + d2)2w||, |a + /3| = 2. 



||[a:"(/ii?)'3,nM|<o(/i^)x^ „,^ , ,,.. 



It follows that 

\\[Po,Il]u\\<Oih^)\\{h + d^)iul (5.12) 

since in the case of Pq, we do not have to consider any commutators with x°'{hD)^ with |a + /3| = 1. 
The standard inequality 

implies that 

^^ + ^(^) < 1 + \''-y\ < C^^e\.-y\-^/h^ 

hi+d{y) Vh 

for every e > 0. It is therefore clear that we can conjugate [Pq, H] in (|5.12() by any power of h^ + d. 
Indeed, the proof there shows that the effective kernel of [Pqi II] Ci^+fi)^^ is 0(1)^12 ^"e^l^^J*! /(C'»). 
Hence 

Uh^ + d)-'^[Po,u]u\\ < o{h^mh^ + dy-'^ui (5.13) 

for every fc e M. 

Estimates for 1 — 11. We briefly recall Hormander's L^-method for the hd-couvp\ex, following |17j . 

Co°°(C") ^ Co°°(C"; A°'iC") ^ C^(C"; A°'2C") ^ ... ^ C^(C"; A°'"C"). 
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We have here the natural Hilbert space norms induced by the weight e^^* /^L{dx). Equivalently, 
we consider the conjugated complex e~* ''^hde^ 1^ — hd + d{^^)^ in the standard L^-spaces. The 
adjoint of the last complex is then given by hd + 9(<i>°)J . More explicitly, 

hd + d{<^Y = Y. ^I'^f^ ^^* + ^(*")^ = Y. ^j ^^i ' 

where Zj = hdz + dz^'^- The corresponding Hodge Laplacian is then 
{hd + 9($°)^)(/i9* + 9($°)J ) + {hd* + 9($")J )(/i9 + a($")^) 

= J2^z,zi dz(^dzl + ziz, ® dzidz(>) = {J2 z;z,) ® 1 + hY2a,M,,^'>dz(^dzl 

j,k j j.k 

where we used that [Zj,Z^] = 2hdzjdz^^^ and the standard identity, dzj'dzj^+dzj,dzj' — {dzk\dzj) = 
Sj^k- In particular, the Hodge Laplacian 

Ai ^hd*hd + hdhd* 
on (0, l)-forms can be identified with 

^1 = (E ^J ^j) ® Ic" + 2h{ds^dz,<^°), (5.14) 

acting on iy^(C";C"). The strict plurisubharmonicity of <i>° means that the Hermitian matrix 
appearing in the last term in H5.14|l is > 1/C, and hence we get the apriori estimate (now using 
for a while ordinary L^-norms): 

|||u|p + 5]||Z,u|p<(AiuH, (5.15) 

leading first to 

/i||m|| <C||Aiu||, (5.16) 

and then to ^ 

h}\\Zju\\<C\\Aiu\\. (5.17) 

We can also write Y. Z* Z^ = J2 ZjZ* + 0{h), so Ai =Y, ZjZ* +0{h), and hence 

{Aiu\u) >J2\\ZjU\\^ - Ch\\u\\^, 
which together with (|5.15|l implies first 

h\\ur + J2 ii^.-"ii' + E ii^Mi' ^ ^(^i"i")' (5-18) 

and then 

h^\\Z*u\\<C\\Aiu\\. (5.19) 

We also need to check that these estimates remain valid after conjugation of Ai by any power 
oi h + d^ or equivalently by any power of Xh + d^, where A ^ 1 is independent of h. This will 
follow from the following observations: 
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1) 



and 



{Xh + d^)-^Z,{Xh + (ff = Z, + k\^i—-l 

All -]- d 



hd^^id^ 



\h + d^ 



Chd C (Xh)2d, 1 

~ Xh + d^ ~ \h Xh + d^ ~ ^ ' 



J2\k 



j2\k 



where a(A) -^ when A -^ oo. A similar remark holds for {Xh + d ) Z*{Xh + d ) 
2) We have 

Ai := {Xh + d^)-^Ai{Xh + d'f 

= Y,iZ*+o{l)h^){Z,+o{l)h^ + 2h{(h^d,_,^% 

where o(l) refers to the limit A ^ oo. Thus 

Re(Aiu|u) > —\\uf + ^\\Zjuf - o{l)h^\\u\\\\Zju\\ - o{l){hu\u) 

HWf + Y^ \\Z3uf < CRe {{Ai)u\u). (5.20) 

Then do as before with Ai replaced by Re Ai, to get 

h\\uf + Y^ \\Zjuf + Y \\Zjuf < CRc {Aiu\u). (5.21) 

Back to the original Ai we thus have (with the norms now being those of i|,o): 

\\A^'\\<0{^), \\hd*A^'\\<0{^), (5.22) 

as well as the same estimates for 

{h + d'fA-^^h + rf2)-fe, {h + d^fhd*A-^^{h + rf2)-fc. 

Now use the fact, that 

1 - n = hd*A^^hd, (5.23) 

to conclude that if xo G C5*^(C") is fixed and equal to 1 near 0, and u is holomorphic near suppxo; 
then 

{1 -Il){uxo) = hd* A^\u{hdxo)) 

satisfies 

\\{h + d^)''{l-n){uxo)\\ <Ckh-^\\udxol (5.24) 

Recall that here and until further notice the norms are those of L|,o . 

Let Xo G C^{C") be fixed and = 1 near 0. Recall that z varies in a compact set which does 
not contain any eigenvalues of (Po)h=i- 
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(5.26) 



Proof of Proposition IFT^l We start from (|5.5|l : 

\\{h + dY-''u\\ < C\\{h + d^y'iPo - hz)u\\, (5.25) 

for u holomorphic with {h + (PY^^u E L^o- Replace u by XIxow: 

II {h + dy-'^UxouW < C\\ {h + d^r\P^ - hz)Tlxou\\ . 
It follows that 

\\{h + d^Y-\^u\\ <\\{h + d^f-^nx^u\\ + \\{h + d^f-\l - Tl)xou\\ 

<c\\{h + d^)-\p^~hz)nxau\\ + o{h"^)\\u'dx^\\. 

where we used H5.24|l and the fact that /i + d^ ~ 1 on supp^xo- 
Here 

\\{h + d')-\P^-hz)Tlxou\\ 
<\\{h + d^r^UxoiPn - hz)u\\ + \\{h + d^)-^[Po, Tlxo]u\\ (5.27) 

< C|| {h + d^)-\o{Po - hz)u\\ + \\{h + d2)-fc[Po, nxo]«||. 

Now 

[Po,nxo]w- [Po,n]xou + n[Po,xo]u 

= [Po, n]nxo« + [Po, n](i - n)xo« + n[Po, xo]w (5.28) 

= [Po,n](i-n)xow + n[Po,xo]", 

where we used that [Po,n]n = 0, since Pq conserves holomorphic functions. Combining H5.28|l . 
if^Hjl . (JS21I), IS3, we see that 

\\{h + d^)-''[Po,nxM\<0{h)\\lKu\\. (5.29) 

Combining this with ^j^, l^m\ . ^j^, we get (EH). □ 

Remark 5.3 In Proposition 15 . 21 we can replace the norm L^o by L\ or any other norm which is 
equivalent to the L^o norm for functions with support near K . 

6 Local resolvent estimate for small z. 

Again in this section we suppose that p satisfies the hypothesis (HI) and that it is bounded with 
all its derivatives outside a large compact set K. We also replace for a while the small parameter 
h by Ah in the construction of G, where A is some large constant, and work in K. 
Recall that G = Gah satisfies the estimates: 

VG = Oi5^''''>+), Sip) < VJh, (6.1) 

V'^^G ^ 0{Ah{Ah5)-''/^), 6{p) > VaK, (6.2) 
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implying, 

V'^G = 0{Ah{{Ah)^Ah + j2)F)-fe) ^ 0{Ahr-''), (6.3) 

r{p):^{Ah)i{Ah + S^)i. (6.4) 

Writing 

we recall that in K 

Pi>^,i-nm{S{pf,{6Ah)i), (6.5) 

P2 = 0{S^). (6.6) 

We represent A^a on the FBI-transform side by 

2 9$ ~ 

e=-^(a;), $e = <i>o + eG(x;/i), 

where G has the same properties as G (cf (|3.27|) ). We also know that G and <I>e are independent 
of h in the region \x\ < y/Ah. From now on e > will be small and fixed. 

Assume for simplicity that C consists of just one point, corresponding to a: = 0. Let 



Poi-^0- E ^^,ffl' ^ "^" (6-7) 



\a+l3\=2 

be the quadratic approximation of p, so that 

p-po = 0{{x,0') = 0{{h + {x,0^)h (6.8) 

We may assume that $ — $e(a;) is a quadratic function $" in the region |a;| < y/Ah and for x 
in that region, we realize po{x,hDx)u with a contour as in H3.28|l . The difference between the 
corresponding effective kernels oi P = p^ and Pq ~ Pq{x, hDx)u is then 

C(l)/i^"e-^l^-^l'(/t + |a;|2 + |y|2)l = C'(l)/i-"e-^l^~«l'(fti + |x|3 + |x - yp). 

We conclude that 

\\P^-P^^\\H,iVA<VAh)<0({Ah)^\\u\\H,. (6.9) 

Here both P and Pq are realized with a contour as in (|3.28|l . However, po is a polynomial and we 
check that if we replace Pqu by the corresponding differential expression 

/ ^ 9^9^p(0,0) ,, \ 

^0"= E a!/3! \ ^"ihDfr\u{x), 

\|a+/3|=2 ■'^- / 

then we commit an error w, satisfying 
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Now for Pf) we can apply Proposition 15.21 and Remark 15.31 We get that for every fixed k £ 
and for z in a fixed compact set avoiding the eigenvalues of Po\h=i'- 



j2\-k 



\\{h + dy-''xou\\ < C\\ih + d'r^XoiPo - hz)u\\ + 0{h--)\\lKu\\, 



(6.11) 



where K is any fixed neighborhood of supp(Vxo)- 

Notice that we can write the last term in (I6.11|) as 0{h2')\\(^h + (P^^'^IkuW. We now want 
to replace the fixed cutoff xo in H6.11(l by xoix/V Ah) for A 3> 1 independent of h. Consider the 
change of variables, x = ^/Ahx, hD^. — \/ AhhDx, h — 1/A. Then 



Po{x,hDx) = :^pQ{x,hD^) =: ^Pq, 
h h 



and with d — d{x), d = d{x): 



h + d^ = ^(h + d^), e 
h 



-2<S>°(x)/h _ -2*°(5)/h 



Start from (|6.11(l with x, h replaced by x, h: 

II (h + d^-'^xoixM < C\\ (h + rf2)-'=xo(J)(-Po - hz)u\\ + Ch-2 II {h + d^Y~^lKu\ 



,h.i-k 



('iy-^(^h + dY-\oi^)u\\ 



< 



Ah 



C\\{^y-\h + dT\oi^)iPo-hz)u\\+Ch^\\{^)'-'{h + dy-HKi^)ul 
n w Ah n- vAn 



X 



\\ih+dr-'xo{^=)u\\< 



CWih + d^'^Xoi 



Ah 

X 



){P,^hz)u\\ + -^\\{h + dY-HK{^)u\\ 
Ah y/A VAh 



(6.12) 



This estimate will be applied with k = 1/2. 

We now return to the full operator P (on the FBI-side) and the norms and scalar products will 
now be with respect to e"^*/'', $ = <i>c, e > small and fixed. Recall however that $ = $'^ in 
|a;| < vAh. Let x be a cutoff function equal to 1 in a fixed neighboorhood of the critical points, 
but recall however the simplifying assumption that we only have one critical point corresponding 
to a; = 0. Let us denote 

A^ = h + mm{d^,{dAh)^). (6.13) 

Using H3.30|l as in Section 01 we get for z = 0(1), 



Auf < C{Re {x{x){P - hz)u\u) + C\xl{^=)M^u)) + C'||(l - x)Au|| ||Azi| 



Ah 



(6.14) 
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Then using H6.12|l we get for r > 0: 

\\Auf < C\\A-\P - hz)u\\\\Au\\ + C\\Axo{^)u\\' + C'||(l - x)Au||||Au|| 

VAh 

< -\\A-HP - hz)ur + CrWAur + C||A-ixo(^)(Po - M"ll' (6.15) 

+ ^||A1k(-^)«|P + C'Wil - x)An\\\\Au\\. 

Here we also need (and we can clearly generalize (|6.9ll for that purpose) 

\\xo{^)A-\P-Po)u\\<C{A}hi\\Au\\. (6.16) 

Insertion in H6.15|l gives 

llAwf <-||A"'(P - hz)uf + Ct\\Au\\^ 

T 

+ 2C\\A-\^{^){P - hz)uf + C{A)h\\Auf + ^\\Auf 
VAh A 

+ C'Wil -x)Au\\\\Au\\. 
Choosing first r, l/A small enough and then h small enough, we get 

||Am|| < C\\A-\P - hz)u\\ + C"||(l - x)Au||. (6.17) 

and noticing that h < A^ < Ch^^^ , we get the main result of this section 

h\\u\\ < C\\{P - hz)u\\ + C"h'/^\\{1 - x)u\\. (6.18) 

7 Review of semiclassical Weyl Calculus 

In this section we introduce some tools and make some remarks about the translation into the 
semiclassical point of view of some basic facts on the classical Weyl-Hormander Calculus. 

Weyl-Hormander calculus 

First recall the framework of the Weyl-Hormander Calculus, which can be found in ^| Chapter 
18]. We put a subscript cl everywhere here to emphasize the fact the we are in the original (opposite 
to semiclassical) framework of the calculus. Recall that the classical Weyl quantization is given for 
an admissible symbol pd (to be defined below) by 



1 



H^-y,Or, ,( ^~^y 



ipTu){x) ^J^JJ e^''''^'^^Pci{^,On{y)dydt (7.1) 

Consider the symplectic space R^" equipped with the symplectic form a — X]"=i ^6 ^ dxi. If g is 
a positive definite quadratic form, we define 

5e",(r)= sup a(T,y)^ (7.2) 
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which is also a positive definite quadratic form. We say that gd is a cZ-admissible metric if 

VX e M^", gci,x < gel X (d-Uncertainty Principle), 

3Cq > such that gci.x{X -Y) < C^^ => {gci,x/ 9c1.y)^^ < Cq (c^-slowness), 
3Ci, A^i > such that gci,x/gci,Y < C*! (1 + glixi^ ^ Y) 1 (c^-temperance), 

(7.3) 
for positive constants Co,Ci,7Vi. Let us note that if the metric gd depends on a parameter (for 
example h), we call it c^-admissible if H7.3|l occurs uniformly in this parameter. The same is true 
for the c/-admissible weights we introduce now. A c^-admissible weight is a positive function rrici 
on the phase space ]R^", for which there exists Co, Ci, TVi > such that 

gd,x{X ~Y)<Co=^ [md{Y)/md{X))^^ < Co (d-slowness), 

~ / \^i (7-4) 

mci{Y)/mci{X) < Ci (l + g^xi^ - Y)\ (d-temperance). 

We define next the cl -uncertainty parameter Xd, which is a special admissible weight for g, 

>^ci{X) = ^^ mf^^^^ {9d.x{T)l9cLx{T)f' > 1- (7.5) 

Let us now introduce some spaces of symbols. We say that a function pd is a symbol in S{md, gd) 
'li Pel G C°°(]R.'^"), and if the following semi- norms are finite 



sup 

^eK=",Sci.x(Tj)<l 



(pif{X),T,^...^Ti)\m-,\X). (7.6) 



If nid is of the form A^;, we say that pd is of order /x. For good symbols (in S{md, gd) classes for 
instance), we define the composition law jjc/ such that (pdiiciqci)"'''' — Pd"' ° Id"' ^y 

{pdUqci){x,0 = ei'^^^^^^^^'>^^^y'^'^^^pd{x,OQci{y,v)\y=.,n=i, (7.7) 

and for pd G S{mi,gd), Qd G S{m2,gd), if {■,■} denotes the Poisson bracket, then there is 
rd G S[mim2X^i ,gd) such that 

PciiciQci = PciQci + ttIPc;, gd} + rd- (7.8) 

Recall eventually the Fefferman-Phong inequality that will be used in the next sections: 

Proposition 7.1 Let pd G S{md,gd)- If Pel > then there is a real symbol rd G S{mdX^i ,gd) 
such that p^i > r"-' . Hence if rud = Xd ' then p^i is bounded from below. 

Semiclassical Weyl-Hormander Calculus 

The original calculus already contains a parameter that plays the role of a Planck's constant, 
namely the inverse of the uncertainty parameter. In the semiclassical case this is made more 
explicit, but basically this is only a reduction to the original calculus by a change of variables. 
For an admissible symbol p we first recall the definition of semiclassical Weyl quantization 

1 ff^f^ + y^\ J{x~y,i)/h, 



^"^ = J2^ II P\^r^^^l e'^^"^'^'^%(2/)dyd^, « G fi. 
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A straightforward computation shows that 

p"' = p^,- where p,i{x, = p{x, h^- (7.9) 

Now observe that p belongs to a symbol class S{m, g) for a Riemanian metric g and a positive 
function m if and only '\i Pd G S{nicugci) where 

TOc/(a;,C) ^m{x,h^), gci,(x,i){t,T) = g(^_,i^)(t, ft-r). 

Using definition (|7.2() and l|7.5() for defining respectively gd, g, and Ac/, A, we also get 

9d,icc,i)(t,r)=h-^glj^^^it,hT), and \d{x,0 ^ h-'\ix,hO. (7.10) 

As a consequence it is natural to introduce the following definitions in the semiclassical case: 

Definition 7.2 We say that g is an admissible (or semiclassically admissible) m,etric if 

\/X e E^", gx < h~^gx (i.e. X> h) (Uncertainty Principle), 

3Cq>0 such that gxiX ~~Y) <Cq^ ==^ {gx/gy)'^^ < Co (slowness), (7.11) 

3Ci,Ni > such that gx/gr < Ci (l + h^^g'^iX - F))^' (temperance), 

for positive constants Co , Ci , iVi . 

A direct definition holds for semiclassical weights. Using this (note that all this is simply a change 
of variables) we can write 

Lemma 7.3 The metric g is an admissible metric of uncertainty parameter A(> h) if and only if 
gd is an admissible metric of uncertainty parameter Ac/(> 1), both uniformly in < h < 1. 

We can therefore translate into the semiclassical point of view all the classical results. First observe 
that symbols of order 1 give bounded operators on L^(R"). Then the product formula is defined 

by 

where 

Piq{^,^,h) = e^-«^-^«)-(^-^''»p(a;,e,Mg(2/,^,Mly=...=?- 
The asymptotic expansion is then given for p e S{mi,g), q € S{m2,g) by 

* = W + :7T{p,g} + /i'r, (7.12) 

2,1 

where r e S{mim2X^^,g). Recall eventually how to write the semiclassical Fefferman-Phong 
inequality that will be used in the text: 

Proposition 7.4 Ifp > then there is a real symbol r E S{mX^^,g) such that p^ > h'^r'^ . Hence 
if m — h^^X^, then p"' is bounded from below uniformly with respect to h. 

Remark 7.5 As an illustration, let us see what happens in the case of the constant metric 
g = dx^ + d^^. It is the one generally used in semiclassical work. We check immediately that it 
is admissible in the sense of definition 17.111 since gx = gy for all X, Y and that g"^ /g ~ I > h. 
Of course the translation procedure gives the Fefferman-Phong inequality: p"" > —Ch^ ifp is real 
non negative with all its derivatives bounded. 
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The microlocal metric F 

We study now a particular metric used in the next sections. 
Lemma 7.6 the metric defined on M^" by 

= TTH ^ 2"' where fi — pi + {h\j ' , 

is (semiclassically) admissible. 

Proof. Recall that we suppose that 

To = dx^+d(^/\^, X = X(x,0 > 1, 
is a cZ-admissible metric. Let us prove the three points of (|7.11|l . We first notice that 

F'" =fi'^dx^ + h^/^d^^, 
therefore the uncertainty parameter of F is ^h^'^ and we have for h small 

^JLh^/^ > x^'^h^'^ > /i2/3 > h, 

therefore F satisfies the uncertainty principle. 

Slowness of F. We take X — (x, ^) and Y — (y, rj) and we observe that if Tx(X — Y)<Co then 

k - yP < Co/^2/^ and \^ - 7j\^ < Co {pi{X) + (hXf^^X)y (7.13) 

Using a Taylor expansion and the fact that the the second derivative of pi is bounded, we can 
write that 

Pi{Y) < pi{x) + \Vpi\\x - y| + c\x - yp 
< pi{x) + c'^\x -Y\ + c\x - rp 

<2pi{X) + C"\X-Yf, 

where for the second inequality we used inequality H2.11|l for the non negative function pi. Now 
use the fact that TxiX ~Y) <Co- We get 

PiiY)<2p,{X) + C"\X-Y\^ 

< 2pi{X) + C'Co (/i'/' +pi(X) + (/iA)2/3(X)) (7.14) 

<C{pi{X) + {hX)y^X)), 

since A > 1. Formula (|7.13|) implies that 

k-y|'<Co, and \^ ~ 7j\^ < CoX\X), 
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and we get using the slowness of Tq for Cq sufficiently small that {hX)^^^(Y) < C'{hX)'^^^{X). 
Using this and (|7.14|) yields 



Pi 



(Y) + {h\f'\Y) < C{p,{X) + {h\f'HX)l 



that is to say Ijl{X) < CfiiY). This implies immediately that Ty < CTx- Inverting the roles oi X 
and Y proves the slowness of T. 

Temperance of V. Again we denote X = {x,S,) and Y ~ iy,T]). Beginning from the first line of 
H7.14|l we write 



(7.15) 



Pi{Y)<2pi{X) + C"\X-Y\^ 

< C (piiX) + (/lA)2/3(X)) (1 + /i-2/3|X - Fp). 

Notice that 

h-'T'kiX -Y) = h-' ((pi(X) + (hXf/'iX)) \x - yf + h'/'\^ - rjf) 

>h-^/^\X~Y\^ 
> h'^^^lX-Yf, 

since A > 1 and for h < 1. Hence 

Pi{Y) < C (pi(X) + {hXf^HX)) (1 + h-'r"^{X - Y)) . (7.16) 

Since Fq = dx'^ + d^^ /X^ is d-tcmpcrate, there exists Co,N > 1 such that 

To,x < CoTo,Y (1 + T^xiX - Y)f . 
Together with the fact that Fq = X^dx"^ + d^^, this imphes that 

X^{Y) < CoX'iX) (1 + X\X)\x - y\' + |e - v\Y 

< C'oX^X) (l + X'/'{X)\x - y|2 + 1^ - ^|2) (7.17) 

< C'oX'iX) (l + h-'' [{{hXf/^X)+p,{X))\x - yf + h^i'-M - ^f)) , 



since h '^'^ > 1 and pi > 0. Now we recognize in the parentheses a term of the form h ^T"'. 
Multiplying by h and raising to the power 1/3 gives 

(/iA)2/3(y) < C(/iA)2/3(X) (1 + h-^V'xiX - Y))^ . 
Together with H7.15|l this gives 

^^'{Y) < c^,\x) (1 + h-^T^Ax - r))^ , 



vJV 



which implies Tx < Fy {\ + h ^F^(X — y)) . Consequently F is (semiclassically) temperate. 
Eventually we have proven that F is a (semiclassically) admissible metric. □ 
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8 Resolvent estimates away from the critical points when 

l^l > h 

In this section we suppose that p satisfies hypotheses (H2), (H3), (H4) and we shall work away 
from a fixed neighborhood B of the critical points and for |z| ^ /i. The main result of this section 
will be the estimate (|8.2()|l . At infinity in the phase space, we shall use the machinery of the Weyl 
calculus. Let us consider the following weight 

We notice that /i > h^^^ . We use the metric defined in lemma FTBl 

From the construction of the weight G in Proposition 12. II (cf H2.1|) . H2.8|l 'l. we know that 

g = G/hGS{l,r) outside 6, 

since G = when pi > 2{h\)'^/'^ /M. There is no restriction to extend g near the critical points 
and let it uniformly be in the class 5 (1, F). 

From Proposition 12. II we have the following two estimates for our new g: 

geS{l,T),^geS{^i-\T). (8.2) 

We verify now that some other symbols are good symbols for the metric F. We first observe the 
evident fact that ^(ttIjFo) C S'(m',F) for all weights m' > ni, since Fq < F. From (|1.4|) we get 

dp e S{X,dx^ + d^^/X^) ^dpe S{fi^h-\T), (8.3) 

since fi^ > hX. Of course in this new class, p, dp are no more symbols of order 2 and 1 respectively. 
Nevertheless the real part pi has a good behavior: 

Ple5(M^F). (8.4) 

Indeed, < pi < fi^ and since the second derivative of pi is bounded we use (|2.11|l to get 
\dpi\ < Cy^ < Cfi. Moreover, d^pi € S{l,dx^ +d^^/X^) gives d^pi G S{1,T). This implies 

From the preceding section we know that F is a (semiclassically) admissible metric of uncertainty 
parameter h^/^^. We have therefore the following symbolic expansion for the composition of 
qi E S{mi,T) and 52 G S{m2,T): 

qik2{x,£„h) = qiq2{x.X,h) + — {gi, 92} (a;, ^, /i) + h'^R2{qi,q2)(x,^,h), (8.5) 

2i 

where 

i?2(9i, 92) e Sirmm,2ih'^'fi)-^). (8.6) 

This means that in the remainder of order two in the asymptotic expansion of the sharp product, 
we have a gain of {h^^'^^)~^ to the square in addition to the gain of h^ due to the semiclassical 
point of view. The Fefferman-Phong inequality reads for F: 
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Lemma 8.1 Let m be an h-admissible weight and q G S{m,T). IfUcq > then there is a real 
symbol r G S{mh'^{h^'^ jjl)^'^) such that Re {q"'u, u) > {r'^u, u) for all u G fi. In particular symbols 
in S{h~'^{h^'^fi)^ ,r) with non-negative real part correspond to operators with real part bounded 
from below by an h-independent constant in the operator sense. 

For the symbols we deal with, we noted in H8.2I8.3(I that dp and dg have better symbolic 
estimates than the one given by the symbolic classes of p and g. This gives improvements to the 
symbolic calculus. Let us write explicitly the expansion of qi '^q2 to the order d 

rf— 1 uj / ■ \ j 

{qik2){x,i,h) =X!~i" o'^iD^,^,Dy^r,) ) qi{x,i,h)q2{y,r],h)\y=^^ri=i, 

j=o ^- ^ / (8.7) 

+ h'^Rd{qi,q2){x,i,h), 
where 



Rd{qi,q2){x,i,h) = 



_f Hi-oY-\ ^n^.i 



D^_f,D^ 



id-iy. 



-(7{D^^^,Dy^r,) j qiix, ^, h)q2{y, r], h)\y^^^r,=id0. 

The order (as a symbol in a class S{m,r)), computed as in the classical case, is exactly the order 
of the symbol appearing on the second line 

-a{D^^^,Dy.,,) j gi(x, ^, h)q2iy, r/, h)\y=^^^=^. 

Now return to the case of p and g with d = 2. A straightforward computation using (|8.2I8.3|) gives 
that 

1 \ 

-cr(Da;,e, Dy,r,) j g{x, ^ h)p{y, ry, h)\y^^^^=^ 

G sin^h-^ X ij-^ X /i-i/V"\r) C s{h-'^/^ii,r), 

R2{g,p)eS{h-*/'fi,T), 

9lp = 9P+^{9,P} + r with r=.h^R2{g,p)eS{h^^''^i,T). (8.9) 

2i 

(Note that this implies r G S{h'^/^^J,'^,T) C S(ii'^,T) since h^^^ < y). 

Let us now fix e > and take z G C. We can write for u G fi using (|8.9|l that 



hence 



so 



Re {{p^ - z)u, (1 - egru) = Re (((1 - eg)^{p - z)f u, u) 

= (((pi - Rez)(l - eg) + eh{p2,g}/2 ~ eRer)^"u,M) , 



(8.10) 



where r G S'(/i^,r) was defined in l|8.9|l . Let us study the first two terms in the asymptotic 
development of Re {p — z)tt(l — eg). For e sufficiently small, we have from ()2.3|) 

Pi + ^h{p2,g}/2>eA{h\f'''+p^ = ei/i^, (8.11) 
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13) 



when |(a;,^)| > 0(1) far from the critical points (recall that G — hg in (|2.3|) ). This means that 
Pi + cq/i {p2, g} /2 is elliptic in ^(/x^, F) far from the critical points. Choose (/? G C^ equal to 1 in 
a neighborhood of the critical points, so that 

pi + eh {p2,g} /2 > £1^2 _ c^i^ifiix, 0- (8.12) 

Recall that r e S{h^^'^fP, T). Using this and choosing e sufficiently small yields 

Re (p - z)tt(l - e.g) = {pi -Rez){l - eg) + eh{p2,g} /2 - eRer 
> c^2 — 2 max(Re (z), 0) — ^"^(p. 

Let us now introduce 

We follow the preceding computations, and get with £2 > that 
cfi'^ - 2 max(Re (z), 0) - Cfi^(p 

>{c/2)^i^ + ^{^l^-e2Z)+(^^Z-2ma.^{Reiz),0)'^-C^l^ip. 

We will bound from below each term of the right hand side. We assume that 

— Z>4Re(z). (8.15) 

It defines a region S in the complex plane, and if z is in this region the third term of 18.1411 is 
bounded from below by cZ. To study the second term we observe that /i^ > e2Z since A^ > \z\e2- 
Now choose a cutoff function ipi (t) supported in the ball of radius 2e2 and equal to one in the ball 
of radius ef- Then 

^{^l'-e,Z)>-c"Zi^liXy\z\) 

Summing up the preceding results we have obtained the following bound, where c, C denote fixed 
constants 

(pi - Re z)(l - eg) + eh {p2, g} /2 + eRer > cij/ + Z) - CZtPI{X^ /\z\) ~ C^?ip (8.16) 

Note that il}l{X^ /\z\) e S'(l,ro). Now we want to go back to the operator side. We first notice 
that dividing the two sides of (|8.16l) by Z yields an inequality in S{h~^ ^^ , T) uniformly in z, which 
we recall can be arbitrarily large. Indeed the terms pi, h{p2,g}, r and /i^ are in S{^'^,T) and 
since Z ^ h (from \z\ ^ h) we get that these operators divided by Z are in S{h~^iJ,^,r). The 
others (divided by Z) are bounded by a constant since by hypothesis max {Re (z) , 0} < CZ, and 
a fortriori are in ^(/i^^/i^, F). 

Let us apply the inequality of Fefferman-Phong, Lemma [8. II in this class to this operator. We 
get using H8.10I8.16|) divided by Z and then multiplying by Z 

{{fi^ + Z)^u,u) < CRe((p- - z)u, (1 - eg)^'u) + CZ {iji{Xy\z\)^u,u) 
+ Ciifi'^ip)'"u,u) + Zh^Re{R'"u,u), 

where h^R is of order h'^{h~^iJ?'){iJih^^^)^^ = h^^^ (recall that ^h^/^ is the uncertainty parameter 
of F). Choosing h small enough and using (|8.19|) below, gives 

Zh^R"" < -Z< -{Z + fi^)"", 
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and we therefore get for h small enough and an other constant C 

((^i^ + Z)'"u, u) < CRe {{p"" - z)u, (1 - tg)'"u) + CZ (V?(AVkl)"'w, u) + C((/iV)'"'w, ")■ (8.18) 

We shall use the following 

Lemma 8.2 we have {,l?^{\^ /\z\)'"u,u) < n..^(l\,\.^ \\{p'^ - zH^ + Ch\\uf. 

Let us suppose for a while that this lemma is proven. We first write that for e sufficiently small, 

Re {{p"" - z)u, (1 - eg)'"u) < CWip"" - z)u\\\\u\\. 

Then we observe that fj,^ > and the Fefferman-Phong inequality in S'(/i^,r) yields (/i^)'" > 
—Ch'^^^. Since Z ^ h, we have for h sufficiently small 

Z\\uf <2{{Z + fi^)"''u,u). (8.19) 

Then we use this result and the lemma which yields from (|8.18l) that 

z\\ur < c\\{p- - z)u\\\\u\\ + z — ^^ikp'" - z)ur + czhWuf + cwip'^ruwwuw. 

max! 1 , z j 

Choosing h sufficiently small and noticing that Z^ < max(l, |zp) yields the main result of this 
section 

Z\\u\\ < C\\ [p'" - z)u\\ + C\\ (mV)"''"!! (8.20) 

where we recall that \z\ > h and that Re (z) < CZ =^ Ch'^l'^\z\^/^ . 

It remains to prove Lemma 18.21 

Proof of Lemma 18. 21 We first observe that for \z\ ^ 0(1), we have 'ip\{\^ /\z\) — since 

A > 1 and the support of V'l is bounded. Therefore we can suppose that \z\ > 0(1), since in the 
other case, the left member of the inequality in the lemma is zero. To prove the result we can go 
back to the original metric dx'^ + d^^/A^. We first notice that since p = O(A^) we can choose the 
support of V'l (i.e. ei in H8.14|l ) such that 

|p — z| > |z|/2 on the support of ipi. 

We notice also that uniformly with respect to z, we have 

^^j-^^,ixy\z\)eS{l,dx' + de/\'). 

We therefore have the following inequality in 5(1, dx^ + d^^/A^): 

^?(AVkl)<4^^^?(AVkl) 

(8.21) 



< 4Re i^^Vi(AVkl)tt^^^^i(AVkl) + hR, 
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where by the symbohc calculus, hR e S{hX^^,dx'^ + d(^ /X^) C Siji.dx^ + d^^/A^). Using the 
Carding inequality for this inequality, we get 

{i^l{\V\z\ru,u) < II (^^P^^,iX^/\z\)yu\f + Oih)\\u\f. (8.22) 

We next use the symbolic calculus and get from H8.7|l to first order and using the notation from 
there 

M^Vim^ = V'i(AVkl) (^) + ^i?i(^i(AVkl),p). (8.23) 

Now observe that uniformly in z > 0(1) we have 

a(V'i(AV|z|)) e5(A-\rfa;^+d^VA2), and dp e S{X,dx^ + d(,^ /X^). 

The first fact follows from dX £ S{l,dx^ + d^^/A^) and the second from (|1.4|l . Consequently we 
get a better estimate than the one that would be given by the classical symbolic calculus in the 
class associated with the metric dx"^ + d^^/A^, namely 

i?i(^i(AV|z|),p)G5(l,dx2 + deVA'). 
Since |z| > 0(1), we get that 

^^Ri{M>^y\z\),p) e S{h,dx^ +de/X^). 

Using this together with l|0^ K7^ yields 

{,pl{Xy\z\ru,u) < II (^i(AVl^l))'" (^^j ur + {0{h) + 0{h')) ||u|p. (8.24) 

Since ('0i(A^/|2;|)) is bounded, we get the lemma. □ 

9 Resolvent estimates away from the critical points when z 
is small 

We work again in this section with p satisfying (H2), (H3), (H4) and away from the critical 
points, but for small z. Here the spectral parameter will be denoted hz for z = 0{1). We recall 
some notations of the preceding section, namely 

,^^P, + ihX)y^ r = ^ + ^. 

As in the preceding section, we fix e > and work with our operator p satisfying conditions 
H1.4I1.5|I . We can write for m £ 6 

Re Up'" - hz)u, (1 - egru) = Re (((1 - eg^p - hz))"" u, u) 

= {{{pi-Kehz){l-eg) + eh{p2,g}/2 + eRer)^u,u), 
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following the same computations as in H8.10llH?TC|) . We also get that 

Re {1 - €g)^{p - hz) = {pi ~ Re hz){l - eg) + eh {p2, g} /2 + eRer 
> cfj,^ — 2 max(Re (hz), 0) — /i^tyS, 



where ip S C^ is equal to 1 in a neighborhood of the critical points, and where we recall that 
r e S{h^^^ii,r) was defined in (|8.9|l . Of course outside this fixed neighborhood, and for h small 
enough, we have, using /i > h^'^, 

H^ > 2Re (hz), 

therefore with a new function ip, 

Re{p-hz)i{l-eg)>cfi^/2~n^ip. (9.3) 

We can now use the Fefferman-Phong inequality fLemma lS-ffl . Indeed, each term is in 5(/i^,r) 
and we get 

iin^ru, u) < CRe {{p^ - hz)u, (f - egYu) + Ci{^i\)'"u, u) + Re {B!"u, u), (9.4) 

where R is of order h^ x fi^ x {fj,h^/^)~'^ = h^^^ from lemma lHTI (recall that fih^^^ is the uncertainty 
parameter of F). Choosing h small enough and noticing that 

gives 

c/i2/3||u||2 < [{^^)'"u, u)) < CRe ((p"" - hz)u, (1 - 65)"'^) + C((AiV)"'M, u). (9.5) 

We next write that for e sufficiently small, 

Re((p"'-/iz)u,(f-eg)"'u) < Wip"^ - hz)u\\\\u\\. 
From this and H9.5|l we get the main result of this section 

ch^/^\\u\\ < CWip"" - hz)u\\ + C\\i^i'^ipru\\ (9.6) 

10 Proof of Theorem HH 

In this section we shall glue together all the results of the Sections 0] El |H1 and El We give the 
results here in the original variables and not on the FBI side. 

In the following, we choose u e fi and we write U = Tu where T is the FBI-Bargmann transform 
associated with the phase i{x — y)^/2. We also denote by P the operator (xop)™ on the FBI side, 
where xo is some C^ function equal to 1 in a very large compact set (including the critical points). 

Proof of a). We suppose here that h\z\ < 0{h). Let us first recall the main result 1)9. 6|) of 

Sectional 

/i2/3||u|| <C||(p"'-/iz)u||+C||(mV)"'"II, (10.1) 

where ip is a cutoff function equal to 1 near the critical points. We choose once and for all another 
cutoff function -0 equal to one in a larger neighborhood of the critical points, so that Vt^VV' — 0. 
Then 

/i2/3||(l - ^)^u\\ < CUp"" - hz){l ~ i/;)'"u|| + C||(AiV)"'(l - i^ru\\. 
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Notice that {fi'^ip)^{l — V)"" = 0{h°°) as a bounded operator in i^ since the supports are disjoint. 
Moreover, 

(p- - hz){i - i,r = (1 - w{p^ - ^^) + ^ i^'rf" + ^('^')' (10-2) 

where 9 = ^ {"^jP} is a symbol with suppq C supp V?/', so that the support of q is disjoint from 
the support of ip. Hence 

/i2/3||(l - ^l;)^u\\ < C||(l - V)"'(P"' - hz)u\\ + ChWq'^uW + 0{h^)\\u\\. 

The L^-boundedness of (1 — ip)^ and the fact that h < K^^^ give 

h\\{l - Vj)"'u|| < C\\{p'" - hz)u\\ + ChWq'^uW + 0(/i2)||u||. (10.3) 

The main resuh of Sectional on the FBI side states that 

h\\UU, < \\{P~hz)UU„ + /i5/6||(i _ x)UU„ (10.4) 

where x is an arbitrary cutoff function equal to 1 in a neighborhood of the critical points. We can 
choose X equal to 1 in a neighborhood of supp'i/', where ijj is viewed as a function on the FBI-side 
(i.e. ipo K~^ where k is the canonical transform associated with the FBI transform T). With these 
notations we may write that ^ < if^ < x ^ Xo niodulo a composition with k. Coming back to the 
real side for the two first terms of this inequality, and using the metaplectic invariance gives 

h\\u\\ < \\{{xopr - hz)u\\ + /i^/6||(l - x)U\W„ (10.5) 

and after replacing u by tp'^'u, 

hWu\\ < \\{(xoPr-hz)^'-u\\+h^^mi-x)T^'"uU„. (10.6) 

Now we can treat the term ||((xoP)"' — hz)ip'^'u\\ as in Hl().2|l and get rid of the term xo modulo a 
term of order h°° and we get with the same q 

hU'^uW < Wip"" - hz)u\\ + hWq'^uW + 0{h^)\\u\\ + /i^/*^||(l - x)7'V'"'"ll*a- (10-7) 

We shall use the following standard lemma for which we briefly review the proof at the end of 
this section. 

Lemma 10.1 We have ||(1 - x)TV''"u||$o ^0{h°^)\\u\\. 

We can therefore write 

hU'"u\\ < IKp"' - hz)u\\ + h\\q'"u\\ + 0{h'')\\u\\. (10.8) 

Let us now glue together the results (|10.3|1 . (|10.8|) to get 

h\\{l - V)"'m|| + /i||V'"'u|| < CIKp"" - hz)u\\ + ChWq^-'uW + 0{h'^)\\u\\. (10.9) 

For the term C/i|j(7"'u|| we simply apply pu.l|l with u replaced by q^u. This gives 

h^/^\\q'"u\\ < CWip"" - hz)q"'u\\ + \\ip'"'q'"u\\. (10.10) 
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Since </? and q have disjoint support, we have ^p'^q^ — 0{h°°) as an operator in L^. Besides we 
have 

(p"" - hz)q'" = q"'(p'" - hz) + 0(h), 

since q is with compact support. Therefore we get 

h^'^h'^uW <C\\q'"{p'^ -hz)u\\+Ch\\u\\ < \\{p^ ^ hz)u\\ + Ch\\u\\, (10.11) 

and eventuaUy 

Hq'^uW < Wip"^ ~hz)u\\+Ch^/'^\\u\\. (10.12) 

Together with H10.9|l this yields 

h\\{l - ^|;)'"u\\ + hW^P'^uW < CIKp™ - hz)u\\ + 0(h'^^^)\\u\\, (10.13) 

and using the triangle inequality ||u|| < ||(1 — ij)^u\\ + ||?/)™u||, 

h\\u\\ < CWip'" - hz)u\\ + Oih'^/^)\\u\\. (10.14) 

Taking h small enough completes the proof of part a) of the theorem. D 

Proof of b). In this section we suppose that \z\ ^ h. We also denote in the following 

Z=|z|l/3/^2/3_ 

We shall follow the proof of part a). We first recall the main result (|8.20(l of Section |H1 

Z\\u\\ <C||(p"'-z)u||+C||(AiV)"'"ll, (10.15) 

where ip is a cutoff function equal to 1 near the critical points. As in the preceding section we 
choose once and for all another cutoff function tp such that tp >- if and we write 

zii(i - tpruw < cikp"' - z)(i - i^ruw + cii(/iV)"(i - ^r«ii- 

As in lfTIO|l . ((Tini) we get 

Z||(l - V)-«|| < C\\ip^ - z)u\\ + Ch\\q-u\\ + 0{h^)\\ul (10.16) 

where we recall q — ^ i'^^P} ^^ ^ symbol with support in Wip. 

We now recall the main result of Section 0] on the FBI side (see equation (|4.15|) '): 

Z\\UU, <C{\\{P - z)UU„ + Z\\{1 - x}UUo) , (10.17) 

where x is an arbitrary cutoff function equal to 1 in a neighboorhood of the critical points. We 
choose X '^ "0 where ip is viewed as a function on the FBI side. With this notation we write as in 
the proof of a) that ip ^ ip ^ x ^ Xo- Coming back to the real side for the two first terms of this 
inequality, and using the metaplectic invariance gives 

Z\\u\\ <CmxoPr ~ ^H + Z\\{1 - xWUo) . (10.18) 
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Taking ip^u instead of u gives 

z\\r"u\\ < cfwiixopr - ^)V'"'"ii + ^11(1 - xw^j'^uUo) • (10.19) 

Now we can treat the term || {p'^ — z)'ip'^u\\ as in pu.2|l and we get with the same q 

ZU^uW < cfwip^ - z)u\\ + h\\q^u\\ + Oih')\\u\\ + Z\\ (1 - x)r^"«lko) ■ (10.20) 

Using Lemma Fl . 1 1 yields . 

ZWu\\ < CUp"" - z)u\\ + Ch\\q'"u\\ + Oih^)\\u\\ + ZOih°^)\\u\\. (10.21) 

Let us now combine (|10.16ll . (|10.21|l : 

Z\\{1 - ^)'"u\\ + Z\\iP'"u\\ < CIKp"- - z)7i|l + ChWq'^uW + 0{h^)\\u\\ + ZO{h°^)\\u\\. (10.22) 
Now we can use (|10.11|) and wc get with new constants 

Z\\{1 - V)"'m|| + Z\\ij^u\\ < CIKp'" - z)u\\ + 0{h^/^)\\u\\ + 0{h^)\\u\\ + ZO{h°°)\\u\\, (10.23) 

and the triangle inequality gives 

Z\\u\\ <C||(p"'-z)u||. 

The proof of part b) of the theorem is complete. □ 

Proof of lemma 110.11 We have 

where the adjoint T* is w.r.t. the $o inner product. We will show that T*(l — x)'^T is a pseudo- 
differential operator with Weyl symbol that is 0{h°°) where (1 — x)^ ° « and all its derivatives 
vanish. Since ■0 and (1 — x) o k have disjoint support, this shows the result. 

To simplify the notation we do the computations for T*xT. Recall that we use the transform 
1)3. 1() . with (p{t,y) = i{t - y)^/2. The constant C in (|3.1() is given by 2'^tt~^ . The function $o 
equals — (Imt)^/2 and (% o k){x, £,) = x{x — i^)- If we write t — x — i£_, then the kernel K{y, z) of 
T*xT is given by 

K{y, z) = 2-"(7r/i)-* / e-*(^-!^)-«/''-(^-2')'/(2'i)+»(^-^)-?/''-(^-^)V(2'i)^(2. „ ,^) ^^.^^^ (io.24) 

The phase function can be written as 

i{y - z) ■ ^/h -{x- ^^f/h -{y- zf/{Ah). 
For the last term in this expression we have from a Fourier transformation 
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Entering this in (|10.24|) we find that K{y, z) equals 

This formally equals a Weyl pseudodifferential operator with symbol 



It is clear that x has the correct symbol property, and that xiUTV) = 0{h°°) for (y,??) such that 
(x ° ^)(2/: '7) ^-iid 9-11 its derivatives vanish. This completes the proof. □ 



11 Asymptotic expansion of the eigenvalues. 

Prom apriori estimates to the resolvent. 

In the previous sections we obtained apriori estimates for z in a subset of C, given by 

||"|| <C||(P-z)u||, Vwe5(M"). (11.1) 

We will show that such estimates imply the existence of the resolvent of P. 

We will first establish this for one particular value of z. For this purpose we will use some 
functional analysis, and results given in section 5.2 of [HI- Following S we define P : T>{P) -^ 
L2(E») with domain T>{P) = C^(K"). We let P be its closure (further on we wiU simply write P 
instead of P but for the moment we keep the distinction). 

We show that 5(R") C T)(P). This follows if for u G S{W) there is a sequence Uj e C5^(M") 
with Uj -^ u in L^(M") and Puj -^ Pu in L^(R"). Such a sequence is given by Uj — x(^)'u(x), 
where x G C'^(M", [0, 1]) is equal to 1 on a neighborhood of 0. We have Puj = x(^)Pm + 
[P, x(^)]u -^ Pu, since the symbol of the commutator tends to zero in ^(A, Fq). By the definition 

of P we have that in fact 5(M") is dense in 2?(P). 

Next we establish the existence of the resolvent for at least one value zq in the left complex half 
plane, when there is a real Aq such that P + Aq is maximally accretive. For the Kramers-Fokkcr- 
Planck operator this property is established in proposition 5.5 of |S] with Aq = 0. 

Proposition 11.1 Assume that P + Aq is maximally accretive. Then there is Ai > Aq such that 
(P + Ai)^"'^ exists and is a hounded operator on L^(M"). 

Proof. The accretivity of P + Ao means that ((P + Ao)^, u) > for each u £ T>{P). It follows 
that for each A > Aq we have 

||(P + A)u||||u|| >((P + Ao)w,u) + (A-Ao)||uf > (A-Ao)||ii||^ ueV(P), 

hence 

||w|| < (A-Ao)-^||(P + A)u||, ueV(P). (11.2) 

Hence P + A is injective. 
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Suppose now that there is a sequence Uj E 5(M") such that {P + X)uj -^ v in L^(M") 
for some v £ L^(R"). Denote Vj = (P + \)uj. Then by the estimate (|11.2|) it follows that 
\\uj — Uk\\ -^ 0, j, k -^ oo, hence Uj converges to an element u in L'^{W^). Now {uj,Vj) £ graph(P) 
and Uj -^ u,Vj ^ w in L^(IR"). Therefore, the range Tl{P) is closed. Theorem 5.4 of and the 
fact that P is maximally accretive imply that for some Ai > Aq, the range of P + Ai is also dense 
in L^(]R"). It follows that P + Ai is surjective, that the inverse (P + Ai)""'^ exists and that its norm 
is bounded by . ^ , . □ 



Remark 11.2 Alternatively we could use the following additional properties 

||m|| <C||(P*-z)u||, Vue5(R"), (11.3) 

u G L'^iMJ'), (P - z)u e 5(R") => u e 5(R"). (11.4) 

(Here we let V{P) = {m e ^^(M") ; Pu G L2(R")}.) The first property is similar to the apriori 
estimate (lll.l|) . The second property can for example be derived from hypoelliptic estimates in a 
chain of weighted Sobolev spaces as given for the Kramers-Fokker-Planck case in theorem 3. Id) of 
P" (a result valid under somewhat different conditions than used here) . In short the argument using 
H11.4|l goes as follows. By a standard argument estimate IjlLHIl and the Hahn-Banach theorem 
imply the surjectivity of P - z. If u e T>{P) and (P - z)u = 0, then H11.4|l imphes that u e 5(R") 
and ((TrU) that u = 0. Hence P : V{P) -^ L'^{R") is injective, and (P-z)'^ : L'^ ^ L'^ is bounded 
and II (P — 2;)^^ II < C. One can also show that under these assumptions 5(R") is dense in I?(P) 
for the graph norm. 

From now on we simply write P instead of P. To obtain the resolvent, we consider an abstract 
situation. Let P : L^(R") -^ L'^(R") be a closed operator and assume (as we established above) 

5(R") is dense in V{P). (11.5) 

Since I?(P) has the norm ||m||x)(p) = ll^ll + UPmH, this means that for every u € 'D{P), there is a 
sequence u^ S 5, j = 1, 2, ..., such that Uj -^ u and Puj — > Pu in L^. 
Let il C C be a connected open set. Let zq G f^ an assume 

(zo - Py'^ ■■ L^ -^ V{P) exists, (11.6) 

\\u\\<CK\\iP-z)u\\, yueS,zeK, (11.7) 

for every K CC fl. 

Proposition 11.3 Under these assumptions, (z — P)^^ exists for every z G fl. 

Proof. Using H11.5|l . we see that the apriori estimate in (|11.7|l extends to all u E 2?(P). 
In particular, z — P : I?(P) -^ L^ is injective for z G fJ, so it remains to show that z — P is 
surjective. If (zi — P)^^ exists for some zi E K CC il, then (|11.7|) (extended to 2?(P)) implies 
that ||(zi - P)~^|| < Ck- Hence ||(z - zi)(zi - P)"^|| < 1 for |z - zi| < l/C^, and we conclude 
that z- P : V{P) -^ L"^ has a right inverse of the form (zi - P)"Hl + (^ - zi){zi - P)~'^Y^ . If 
in addition, z G il, this right inverse is equal to the resolvent. 
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If z G 51 is any given point, we take a smooth curve 7 in fl from zq to z, and cover 7 by finitely 
many discs D{zj,r), j — 0, 1, 2, ..., Af, sucfi that r < 1/Cj, Zj+i £ D{zj,r). Hence (z — P)^^ 
exists. □ 

The same result is valid for Grushin problems. We keep the initial hypothesis about P. Let 
i?_ : C^" -> L2, R+ : V{P) -^ C^" be bounded and for simpHcity independent of z. Put 

'Pi^^)=(^j^^ ^QY-ViPjxC^^^L^xC^^ (11.8) 

Assume still that (|11.6|l holds for some zq E 51. Instead of (|11.7I) . we assume 

||u|| + |u_| < CkHHP " z)u + R^u^W + \R+u\), ze K,ueS,u^ e C^", (11.9) 

for every K CC 51. (Again, this extends to the case u G 'D{P).) 
Proposition 11.4 Under the above assumptions, V{z) has a hounded inverse for every z G 51. 

Proof. As before, we notice that 111.9|l implies that 

WA-DiP) + \u-\ <Ck{\\{P-z)u + R^u^\\ + \R+u\), ueViP), u_ gC^", zeK, (11.10) 

with a new constant Ck, so 'P{z) is injective for all z G 51. 

For z = Zq, [P — Zq) : I?(P) -^ L^ has a bounded inverse and is therefore a Fredholm operator 
of index 0. Hence, 



Q:= 



(^ ""^ o) ■ ^(^) "" ^'''' ^ ^' "" ^'^" 



is Fredholm of index and V{zq) has the same property, being a finite rank perturbation of Q. 
Being injective by H11.9|l . it is bijective, and as in the preceding proof, we see that P{z)~^ exists 
for all z G 51 with \z — zo| < 1/Ck if zq G K. By the same procedure as above, we get the result. 

D 



Grushin problem in the quadratic case 

Let Po be a quadratic operator on L^(R"-), so that Pq has the Weyl symbol J2\a+B\=2^a,f3X°'^'^ 
that we also denote by Po{x, ^). (We can also add a constant to our symbol, but we shall avoid for 
simplicity to have linear terms in the symbol.) As in ^] we assume that Pq is elliptic away from 
(0,0): 

Po(^,C)7^0, (x,OeK2"\{(0,0)}. (11.11) 

When n > 1 this implies that Po{M.'^") is a proper cone in C and when n = 1 we assume that so is 
the case. Then Pq is a closed operator : L^ ^ L^ with domain P(Po) = {{x,D))~'^{L'^) and the 
assumption H11.5(l is fulfilled. Pq has discrete spectrum and the eigenvalues are computed in jl5| 
as recalled in Sectional They are contained in Po(]R^"). 

Let Ao G C be such an eigenvalue and let E\g C 2?(Po) be the corresponding space of generalized 
eigenvectors. Let ei, ...,eNo be a basis for E\g and let /i, ..., /nq G 5(M") have the property that 

det((ej|/fe))^0. (11.12) 



49 



A possibly natural choice would be to let /i, ..., /no be the dual basis in the space E^ of generalized 

Ao 

eigenvectors of P* , associated to the eigenvalue Ao- 
Put 

R-u^ = ^u_(j>„ R+u = iiu\f,)) € C^«, 

for u_ = (u_(j)) e C^". For A G neigh (Aq), the problem 

(Po - A)m + i?_u_ = u, R+u = w+, (11.13) 

has a unique solution (m, u_) € 2?(-Po), for every (w,w+) G i^ x C^". In fact, let 11 : i^ ^ E\g be 
the spectral projection and decompose u = u' + u" , v = v' + v" , with u" = IIu, u' = (1 — !!)« and 
similarly for v. Then the equation for u' is (Pq ^ A)u' ~ v' and determines m' G 2?(P) uniquely, u" 
is completely determined by the condition R+u" = v+ — R+u' , thanks to the assumption (|11.12|l . 
Finally U- is determined by R-U- = v' — (Pq — A)u'. 
If we introduce the solution operator 

then we also know that 

l/^io i) is bounded (11.14) 

for every fc G M, when A = {{x, D)). We also notice that if M(A) denotes the matrix of (A — Po)| „ 
with respect to the basis ei, ..., e^g, then 

i?_+(A) = Af(A)((efe|/,))-i. (11.15) 

We now choose Pq as in Proposition 15. II acting on iJ$o, where <I>g is a quadratic form with 
A$o = KT{-^eG°) and G" is a real quadratic form chosen as in 15.31 Here e > is small and fixed 
and the earlier assumptions are fulfilled with the real phase space replaced by A$o . As in Section 
El we now work with the /i-quantization. Then, if Ao is an eigenvalue of the {h = 1) quantization, 
we get the well-posed Grushin problem 

{Pq — hz)u + R^u^ = V, R+u = v+, (11.16) 

for z in some fixed neighborhood of Aq. Here, we take 

R+u{j)^{u\fj.h)Ll„, ^-'"-X!"-(-?')'^J^'" (11-17) 

with fj^h{x) — h^^ fjiyr), and similarly for ej,h, so that 

R+ = 0(1) : L|j, ^ C^o, R- = 0(1) : C^" ^ iJ$g, 
uniformly, when /i — > 0. More precisely, we have (cf. Proposition 15 . 1|) : 

Proposition 11.5 For every {v,v+) G -ff$« x C^°, the problem 1^1 1.1b]) has a unique solution in 
the same space and the solution satisfies: d?u G L^t . Moreover, for every fixed fc G M, we have the 
apriori estimate 

h\\ii + ^y-'uw + \u.\< cm + ^r^vw + h\v+\). (11.18) 
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Proof. When /i = 1, we simply translate the earlier result for (|11.13|) into a result for 1)11. 16|) 
and get the estimate 

11(1 + d2)i-^M|| + |u-| < c{\\{i + dY'^^W + \y+\)- (11-19) 

Now consider (I11.16|l for other values of h, and indicate the ^.-dependence by means of super/sub- 
scripts. Let U f{x) = h^ /{vhx), so that U is unitary: H^pe^h -^ -ff*«,i- We further have 

C/Po'' = hP^U, UR^_ =R\, R\ = R\U, 

and the problem 1)11. 16|l (with general h) can be transformed into 

h{P^ - z)Uu + R\u- = Uv, R\Uu = v+, (11.20) 

that we write as 

(Pj - z)hUu + P^u_ = Uv, R\hUu = hv+. (11-21) 

Applying H11.19|) to this system, we get 

h\\{l + d2)i-fe[/„|| + |u_| < C(||(l + d^'^UvW + h\v+\). 

Here 

dix)Uu{x) = U{d{^)u{x)) = Ui^u{x)), 

and using the unitarity of [/, we get H11.18|l . D 

We can rewrite 1)11.18)1 equivalently as 

\\{h + d^f-^u\\ + h-^\u^\ < CiWih + d^y^vW + h^-''\v+\). (11.22) 

In the following, it will be convenient to replace the fj in the definition of R\, by Xkfj, where 
Xr{x) = x('i) foi' some sufficiently large P > 0. Correspondingly, /j" is replaced by Xniyr)!^- 
This will be only a small modification of R'^ and does neither aifect the well-posedness of ()11.16)) 
nor the estimates ()11.18ll . ()11.22)l . 

Mimicking Proposition 15 . 21 we have 

Proposition 11.6 Let xo G C^(C") be fixed and — 1 near x = 0, and fix k E M.. Then for z in 
a neighborhood of Ao, independent of k, we have the following estimate for the problem \ll.lb]] in 
H^t (for e > small and fixed and for h sufficiently small): 

\\{h + d'Y-^ouW + h-''\u^\ < C{\\{h + dY'^XovW + h'-'^lv+l + hi\\lKu\\), (11.23) 

where K is any fixed neighborhood of supp xa ■ 

Proof. Let 11 denote the orthogonal projection onto the holoniorphic functions as in Section O 
Applying Hxo to the first equation in 1)11. 16)1 . we get after some simple calculations, (using also 
that nP_ =P_, M==nu): 

(Po - hz)nxou + R-u^ = Uxov + [Po, nxo]u + n(i - xn)R-U^, 
R+UXqu = v+ - R+{1 - xq)u - -^+(1 - n)xow. 
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Here (|^^ tells us that 

\\{h + d^)-''[Po,Uxo]u\\<0{h)\\lKu\\. 

Since the Cj decay exponentially and {h + (i^)~'^n(/i + (P)'^ is uniformly bounded in our weighted 
L^ space, it is also clear that 

\\{h + d2)-fcn(i - xo)R-u-\\ < o{h°-)\u^\, 

and since xfj has compact support, we have i?+(l — Xo) = 0, when h > is small enough. We also 
have \R+{1 - U)xqu\ < 0{h°°)\\lKu\\. Applying this and (|11.22|) to the problem lll.24|l . we get 

\\ih + dY-''Uxou\\+h-''\u-\< \\{h + d^)-''Ilxov\\+0{h)\\lKu\\+Oih°^')\u^\ (11.25) 

+h'-'^\v+\+Oih^)\\lKu\\. 

According to H5.24(l . we have 

\\(h + dY-''{l-U)xou\\<0{h-^)\\lKu\\, 

and using this and 

Wih + d^r'^UXovW < CUh + d^)-\ov\\ 

in (dnnj, we get 111.23^ . D 

Remark 11.7 Return to the case h = I and choose Pq as after the equation pi.l5|l . Since Pq 
is elliptic on A$o for < e < eg with eg small enough, an easy deformation argument shows that 
the spectrum of Pq on H^o is independent of e, and similarly for the generalized eigenvectors. The 
aim of this remark is to show that there exists a, S > such that the generalized eigenvectors ej 
satisfy 

ej e 7J$o_5|^|2. (11.26) 

Rather than using deformation arguments as elsewhere in this paper, we shall employ the alterna- 
tive method of Fourier integral operators with complex phase, and more precisely we shall study 
the evolution equation associated to Pq. 

Let us first recall some elementary facts from complex symplectic geometry (as in ^] and 
further references given there): On C" x Cj, we have the complex symplectic (2,0)-form a = 
J2" d(,j A dxj and the real symplectic forms Recr, — Imcr. If f is a vector field on C^" of type (1,0), 
we let i = i + Z be the associated real vector field. Then if / is a holomorphic function, wc let Hf 
denote the Hamilton field (of type (1,0)) with respect to a and if g is a real-valued C^-function, 
we let Hg", Hg^ "^ denote the Hamilton field of g with respect to Re a and — Im a respectively. 
Then we have the relations, 

Tj rrRc cr rr— Imcr f} rrRe cr rr— Inia 

^f - %e / - -^Im / ' ^'f - -^Im f --^Ref ' 

Using Fourier integral operators with quadratic phase in the complex domain, we see that if 
< i < toj ^nd uq e H^g, with $0 = $o, then we can solve the heat equation 

d 

-;-u(t, x) + Pou{t, x) = 0, u(0, x) = uo{x), 
ot 
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and the solution operator e " is bounded iJ$„ -^ H^^ , where 



A,,, = exp (ti7ipJ(A^J = exp (ti7j^I^;)(A*J. (11.27) 



We further have the eikonal equation for <i>(t, x) ~ $t(x): 

5$ 2(9$ 

-+RePo(.,-^) = 0, (11.28) 

corresponding to the manifold 

dt ^ i dx^ 

in M( ^ X C^"c , which is Lagrangian for the symplectic form rfr A dt — Im cr. (To get (|11.28|l at least 
formally, differentiate \\u{t, .)|||^ with respect to t). Since RcPq is constant along the flow of 

H^^"^, we know that RePoi . > 0, so (111.2811 shows that # < and hence that 

i 1-^ $t(a;) is decreasing. (11.29) 

Let io <^ ^*o t>e the subspace, defined by RePg = and notice that RePg ^ dist (•, Pq)'^ on A<] 



In general, if / is a smooth function on an IR-manifold A, and / denotes an almost holomorphic 
extension of / to a neighborhood of A, then at the points where df is real, the Hamilton field HZ'^ 

of / with respect to the real symplectic form a a = '''l a is equal to Pt. Applying this to / = -Pq, 
we get at the points of Lq: 

Pip :=P^^^*« . 

Let Lt = exp{tHip ){Lq) (cf (|11.27|l '). Since H^ *" is transversal to Lq away from 0, we deduce 
that 1 1-^ n^(Lt) moves transversally to IIx{Lq) away from and since by (|11.28ll . 

— ~-dist (x,n,(Pt))2, 

we conclude that for small t 

Mx)<<i>o{x)^yx\^. (11.30) 

If Cj is an eigenvector of Pq: PqCj — XjCj, Xj e C, we first recall that Cj g P$(,+g|a.|2 for every e > 0, 
and conclude that e^*^°ej £ H^^_^^^^^2 for every e > 0. On the other hand, e~*^°ej = e~*^^ej, so 
Cj = e*^^e~*^ej G P$j+c|a:|2 for every e > 0. Taking t > small but fixed, we then obtain H11.26(l 
from 1)11. 30|1 . If Xj is a multiple eigenvalue, we also have to take into account the possible Jordan 
blocks in the action of Pq on the corresponding generalized eigenspace, but this only requires minor 
modifications in the argument and we get H11.26|) in general. 

Estimate for the semi-global problem 

We now consider the situation in Section |B| P is now an /i-pseudodifferential operator acting in 
P$ = P$^, and we define R+ = R\, R- = R'l as in the preceding subsection. As in Sectional 
Pq is now the quadratic approximation of P at (0, 0) and we shall use the fact that $c = $° for 
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|a;| < VAh for A ::^ 1. Recall the estimate (|11.23|l for solutions to (|ll.l(j|l (for Pq and with norms 
in H^o)). 

Again, we want to replace the fixed cutoff xo in l|ll-'2t{|l by Xo{-^^) and consider the change 

of variables x — \/Ahx, hD^ = VAhhD^, h = 1/A. 

Po{x,hD,;h) = ^Po{x,hDr,h) =: ^Pq, 
h h 

and with d — d{x), d = d{x): 

h 
and we relate our unknown functions by the unitary relation 

u{x) = {Ahy^u{x), 0u{x) = h^u{x). (11.31) 

With these substitutions, the problem pi.l5|) becomes 

^{PQ~hz)u + R^u^^v, R+u^v+, (11.32) 

h 

and we can apply pi.23|l to this new problem. A straightforward calculation gives 



\\{h + d2)i-^xo(^=)«|| + h-''\u^\ < C(\\{h + d2)-fc^„( )^|| 

VAh V VAh 



1 n/, ,9\1— tw / X 



/ll-'>+| + ^||(/l + (i2)l-n 



K[ 



VA WAh 



(11.33) 



This estimate will be applied with k = 1/2. 

We now return to the full operator P (on the FBI-side) and the norms and scalar products will 
now be with respect to e~^*/''L((ia;), $ = <i>e, with e > small and fixed. Recall however that 
$ = <i>g in I a; I < \/Ah. We consider the semi-global Grushin problem 

(P - hz)u + R^u^ = w, R+u = v+, (11.34) 



■oo 




in some fixed bounded open set containing the (projections of the) critical points. For simplicity, 
we assume that the critical set is reduced to a single point, corresponding to a; = 0. Let x e C( 
be equal to 1 near 0. 

Notice that by Remark 1 11. 71 e^*/''P_u_ is exponentially small away from any fixed neighbor- 
hood of X = 0. Apply (|^T^ with (P - hz)u = v - R^u^: 

\\kuf < C'Re {xv\u) + C\\A-'R.u. || \\Au\\ + C(x^(^)Au|Aw) + C|| (1 - x)Au|| \\Au\\ . (11.35) 
Here A was defined in H6.13|l . Using Remark 1 11. 71 it is easy to check that 

\\A-'R.u.\\ < -^|«_|, (11.36) 
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and l|11.35l) becomes 

\\Auf < c(\\A-'v\\\\Au\\ + -l=\u^\\\Au\\ + \\Axo{^)uf + ||(1 - x)A^III|Aw||Y (11.37) 

Apply "2a6 < aa^ + a^^b'^" with suitable a's to the 1st, 2nd and the 4th terms of the right hand 
side and bootstrap away the ||Au|p terms. After removing the squares, we get 

IIA^II < c(^\\A-^v\\ + -^|h_| + \\Axo{^)u\\ + 11(1 - x)A«ll). (11.38) 

Apply H11.33|) (for the Grushin problem for Pq) with k — 1/2: 

\\Axo{^)u\\+h-'/^\u^\ 
VAh 

< c(\\A-\o{^)v\\ + \\A-\oi^)iP Po)u\\ + h^\v+\ + -l=\\AlKi^)u\\ 
V VAh VAh V A VAh 



<C\\\A-\^{^)v\\+C{A)hHAu\\+h^\v^\ + ^\\A\K{^)u\\ 
VAh VA VAh 



where we used (|6.16|l . to get the last estimate. Use this estimate in pi.38|l after adding h ^/^|w_ 
to both sides: 

\\Au\\ + h-"^\u-\ < c(\\A-\\\ + C{A)h^\\Au\\ + hi\v+\ + -^\\AlKi^=)u\\ + ||(1 - x)M\ 
\ VA VAh 

and choosing first A large enough and then h > small enough, we get the basic apriori estimate 
for the problem 1)11.34(1 : 

llAull + h-^u_\ < C{\\A-\\\ + h'^\v+\ + 11(1 - x)Au|l). (11.39) 



The global Grushin problem. 

Now let P be as in Theorem ll.2l Applying the inverse FBI-transform we have the obvious analogue 
of the Grushin problem and for that problem, we still have l|11.39(l provided that we define A to be 
a suitable ft,-pseudodifferential operator whose symbol is equivalent to (h + Tam{(P, (Ahd)"^/^))^/^, 
and interpret x as a pseudodifferential cutoff. From (|11.39|l . we get the weaker estimate 

hW"u\\ + |m_| < Ci\\v\\ + h\v+\ + /i5/6||(l - x)^"u\\), (11.40) 

analogous to (|l().7|l . This leads to 

hU^u\\ + \u_\< Ci\\v\\ + h\v+\ + h\\q'"u\\ + Oih^)\\u\\), (11.41) 

which is analogous to 1)10. 8|l . On the other hand, we have 1)10. 3)1 . and as in Section EH we finally 
get the global apriori estimate (analogous to 1)10.14)) '): 

/i||7i|| + |M_| <C{\\v\\+h\v+\). (11.42) 

We are therefore exactly in the situation of the beginning of this section and from Proposition 
II 1.41 we get that the Grushin problem is well-posed. 
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Asymptotics for E_^ and for the eigenvalues. 

For simplicity, we continue to assume that C is reduced to a single point, (0,0). We may assume 
that the global Grushin problem for the original operator P, considered in the preceding subsection, 
is of the form 

{P - hz)u + R_u_ =v, R+u = v+, (11.43) 

where z varies in a fixed neighborhood of an eigenvalue Aq G C, of the quadratic approximation 
Po (with h^l) oi P a,t (0, 0), and where 

No 

R^u^ = ^H_(j)4'(a;),i?+7i(j) - {u\f^ix)). (11.44) 

Here 

e'^ix) = h-'ie,{^)j'^{x) ^ h'^ fA^l (11-45) 

and ei, ...,e7Vo form a basis for the generalized eigenspace E\^ of Pq, associated to Aq. It is well 
known that we may take Cj of the form 

ej(a;)=pj-(x)e**«(^\ (11.46) 

where pj is a polynomial and '^q{x) is a complex quadratic form such that A$q = {(x, $o(.t))} is 
the stable outgoing manifold A*' for the ii?Po-flow and (by Remark 1 11.7|l we know that 

Im$o is positive definite. (11.47) 

We may assume that the fj have an analogous form: 

/,(x)=g,(a;)e'*''(-), (11.48) 

with qj polynomial and ^o a quadratic form with Im $o positive definite. 

Let A± be the stable outgoing (+) and incoming (— ) manifolds through (0,0) for the ^Hp- 
flow, where p is the principal symbol of P. Then A± are complex Lagrangian manifolds defined 
to infinite order at (0,0) and A'J_ = T(oo)A+. Let k be a complex canonical transformation: 
neigh ((0,0);C2") ^ neigh ((0,0); C^"), mapping {^ = 0} to A+ and {x = 0} to A_. Let C/ be a 
formal elliptic Fourier integral operator of order quantizing k, and consider 

U-^PU := F, 

whose symbol is well-defined mod 0{{x, ^)°° + h°°). The principal symbol p of P then vanishes on 
{x = 0} and on {^ = 0} and therefore takes the form 

p^ J2 oL^A^^o^'^e- (11-49) 

|a| = |/3| = l 

Using for simplicity the classical quantization of symbols, we get 

P= ^ aaA^,hD)x"{hDf + ha{x,hD;h), (11.50) 
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where a is a classical symbol of order 0. (We are now working with formal Taylor series at 
(x,0 = (0,0).) 
Put 

|a|— m 

Here &q will in general be functions of h. When they are not, we say that X]|a|=m ^a(~^) 

is homogeneous of order in /i (or even independent of h, with x/\/h viewed as independent 
variables). Then in the obvious way, 

is homogeneous of degree in h. 
Write 

ip= y ac,,3{x,hD){^)°'{VhDf + a{x,hD;h). (11.52) 

Write a ~ ^q h^ aj and Taylor expand a(x, hD; h) at (0, 0): 

If |(5| — I7I = fc G Z, then I7I + |(5| = |A:| + 2min(|(5|, I7I), so the general term in the last sum can be 
written 

7!^! ^/h 
In conclusion the block matrix of 

00 00 

a{x, hD; h) : P^om ^ Kin.. 


is [h^'^—Aj^k), where Aj^k = Z^^o^i.fe^"' ^ii*! ^i,fe • "^hom ^ "^hom is homogeneous of degree 0. 
(We then say that Aj^k is a classical symbol of order 0.) 

The same discussion applies to aa,fi{x, hD) and hence also to h^^P, whose matrix is 

00 
(/i^^P,,fc), P,■,fe = EP,':,;^^ (11.54) 

where Pj/. : "Phom ^ ^hom ^^ homogeneous of degree 0. The leading part oi h^^P is given by 
ipo:= E ao..A0,0){4rn^Df + M0,0), 

in the following sense: h^^Po has a block diagonal matrix in ®^ V^^^, and P? is equal to the 
restriction of h~^Po to V^^^- 
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Now we shall exploit that the exponent \j — k\/2 in H11.54|l is an integer precisely when j and 
k have the same parity. We therefore introduce 

oo oo 

^e = ^VlL,^o-^Vlt:^\ (11.55) 



Then h^^P : Te® J-o ^' ^e® J^o has the block diagonal matrix 



(11.56) 



P P 

P P / ' 

-* o,e -* 0,0/ 

where Pe,e, Po.o^ h'^^'^Pe^o: h~^/'^Po,e are classical symbols of order 0. 
The Grushin problem for P that we obtain from 111.43|l is 

{P - hz)u + R^u^ =v, R+u^v+, (11.57) 

with 

R- = U-^R-, R+ = R+U. (11.58) 

We want to decompose R± into even and odd degrees. 

Return to P, Pq and notice that [Pbj'-] = 0, where t is the involution l{u){x) = u{—x). Con- 
sequently, E\g is invariant under i and splits into E'^ E'^ , with t = 1 on E'^ and t = — 1 on 
E'^ . Let the corresponding dimensions be iVe, No, so that A^o — N^ + No- We may assume that 
Cj is even for 1 < j < iVe and odd for N^ + I < j < Nq, and we may choose /, with the same 
properties. Then Pj{x), qj(x) are even when 1 < j < N^ and odd otherwise. 

Now, write 

e''j{x) = h-'i-^aj{x-h)e'^^, (11.59) 

where 

CX) 

aj r^^a'<{x)h\ and aj{x) = C'(|a;|("^-2^)+), (11.60) 

and actually, aj{x;h) = h"^^''^pj{x/vh), with rrij = d°pj. rUj is even when I < j < N^, and odd 
otherwise. Assume to fix the ideas that j < N^. Then 

U-~\e'}) = h'^-'-^ajix; h)e'^ , (11.61) 

where aj satisfies pi.60|l . Moreover, 

F(x)=0(x3), (11.62) 

since A$(, is tangent to A$ so that A^ is tangent to {^ = 0}. 

Taylor expanding cij and e'^/'' = ^'^iiF{x))'' /{klh'^), we see that 

00 

hfu-\e'^)e^VZn., (11-63) 
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and when m is even, the component in V^^-^ is a classical symbol of order (and the order tends 
to —CXI like —m/2, when m — > oo), while the component in V^^ is of order /i^' ^, when m is odd). 
The case j > A^e + 1 is treated similarly, and we conclude that 

(pee /?eo \ 
|- |- j : C^^ e C^° - ^e ® ^o, (11.64) 

where h^-Z^R^J, K^/^R"^, /i"/4-i/2^eo^ i^n/i-i/2 j^oe j^j.g classical symbols of order 0. 
Next, we do the same work with i?_|_ and start from 

R+u{3) = (u\tl{fjM)). (11.65) 

Possibly after a slight perturbation of $, we may assume that 

*U{f,M) = h-Th-^-^ljix; /^)etG(-), (11.66) 

where fhj, bj have the same properties as rrij^'dj above, and fhj is even for 1 < j < N^^ and odd 
otherwise. Moreover detG"(0) ^ 0, and the scalar product in (|11.65|) should be computed as a 
formal stationary phase integral. In doing so, we apply the complex Morse lemma (to oo order 
at X = 0) to reduce G to a quadratic form. If a is a formal diffeoniorphisni with aifi) — 0, and 
Au — a*u = uo a, then A : 0J^ "^hom '^ ©0° ^hom ^^^ the same block matrix structure as h^^P 
in (|11.54|1 . From these facts, we get 

Te®To^C^'' ®<C^-, (11.67) 

where h-^'^R"^, h-'^I^R"^, /i-"/4-i/2^eo^ i^^n/i-i/2^oe j^j.g classical symbols of order 0. 
Consider the rescaled problem which is equivalent to (|11.57|l : 

{-P - z)u + 0R^u^=v, h^TR+u = v+, (11.68) 

or in matrix form 

'''=' t) - (; 

Let 

be the inverse. Decomposing 

~ /-pee 'r>eo\ 

^(^) = \voe j^ooj ■■ i^e ® C^=) ® (^„ ® C^°) - (.F, ® C^=) ® {J^o ® C^°), 

where V^"^, V°° , h^^'p^ h^^p are classical symbols of order 0, we get the same decomposition for 
£{z). In particular, 

/ pee Z^eo \ 

E_+{z) = ~-+ ~-+ : C^^ ® C^° -> C^<= ® C^° (11.69) 
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has the same structure. The determinant of this matrix is a classical symbol of order 0. In fact, 

ij ^-+(") ( ij = [h-kioe^ E"_o^^) 

has the same determinant and is a classical symbol of order of the form 

deti?_+(A) ~ detE°_^{\) + hh{\) + h^f2{X) + ..., (11.70) 

where E'^_^{X) is the matrix given in (|11.15|l (there denoted without the superscript 0). In particular 
E^j^{X) = (A — Ao)^''/(A) with /(A) ^ 0, in the space of holomorphic functions in a neighborhood 
of Aq. This could also be deduced from the well known formula 

where 70 is a closed contour around Ag. (We have of course the similar formula for P^E ^, 

permitting to identify the zeros of _E |_ and the eigenvalues of P, counted with their multiplicities.) 

Using Puiseux series for the partial sums in pi.70|) we conclude that the eigenvalues of h^^P 
close to Aq have complete asymptotic expansions in powers of h^'^°: 

Finally, it is clear from the construction, that if 

E E4 



E = 



E— E |_ 



is the inverse of the global problem for P, then modulo 0{h^): 

E^+{z; h) = hE^+{z- h). (11-71) 

and hence the true eigenvalues of P have the same asymptotic expansions as above. This completes 
the proof of Theorem 1 1.31 

12 The evolution problem. 

Let P be a closed densely defined unbounded operator acting on a complex Hilbert space 7i. 
Assume that the spectrum of P is contained in 

Rez>^{lmzY-C, (12.1) 



for some constants C, (5 > 0. Assume also that 

\\{z - Py^W < 7%, for Rez < ;:;^(Imz)'' - 2C. (12.2) 

For t > we put 



^-^, forRez<^(T^^^^ 



E{t)^^J e-'\z-P)-'dz, (12.3) 
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where 7 is a contour to the left of the spectrum which outside a compact set coincides with the 
curve 

Rez^^amz)*', (12.4) 

and oriented in the direction of decreasing Imz. Clearly the integral converges and defines a 
bounded operator which depends smoothly on t. We have 

{dt + P)E{t) = 0, PE{t) = E{t)P. (12.5) 

When u E 'D{P) (the domain of P) we also have 

\iia E{t)u^u. (12.6) 

In fact, let zq be to the left of 7 and write 

u= {zo-Py^v, ven. (12.7) 

The resolvent identity gives 

{z - pr\zo - py' = ^^((zo - p)-' -{z- p-'), 

(Z — Zq) 

SO for t > 0, we have 

E(t]u ^J-f e-''-^—-(zo - Pr^vdz -J-f e^'^'-^—iz - PY^vdz. (12.8) 

Here the first integral vanishes since we can push the contour to the right and exploit the decay of 
the exponential. The second integral allows a limit when t — > 0, so we get 



1 /■ 1 
lim£;(i)u=: / 



--{z - Py^vdz. (12.9) 

zo) 



Here the integrand is of norm 0{{z) ^ *) in view of (|12.2|l and we can push the contour to the 
left (around zq) and apply the residue theorem to get 

lim E(t)u = (zn — Py V = u, 

and H12.5|l follows. 

In the following we assume that P satisfies the assumptions (HI)— (H5) so that Theorem II. 21 
gives a localization of the spectrum to a union of a conic neighborhood of the open positive axis 
and a infinite cusp away from the origin. We introduce 2 contours 7 and 7. Both contours are 
given by 

1 2 1 

Rez= --/i3|lniz|3 (12.10) 

in the region Re z > bh. Here Co and b are positive constants such that b is different from the real 
parts of the eigenvalues of the quadratic approximations of P with h — I. In the region Re z < bh, 
7 is given by Rez = bh while 7 joins bh + iC^b^h to bh — iC^b^h further to the left so that 7 
is entirely to the left of the spectrum of P while 7 will have a fixed finite number of eigenvalues, 
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Ao, ..., Xn-1 to its left. Let 7int denote the vertical part of 7 in the region Kez — bh and let 7ext 
denote the part of 7 in the region Re z > bh. 
On the exterior piece we have 



and on the interior piece we have 



N—l 

-tp/h ^— f e-*''/^{z - P)'^dz = ^ e-*^^/''nA^ +— I e"*^^''(^ " P)-^dz. (12.13) 



ll(»-P)-'ll<^^ (12.12) 

This holds since we have chosen b so that the distance from 7int to the spectrum of P is > 
h/C. Further to the left in the region Rez < bh, we also have ||(z — -P)^^|| = 0{h) when 
dist (z, {Ao, .., Ajv-i}) > h/C. 

Assume for simplicity that the eigenvalues of the different quadratic approximations are simple 
and distinct. Then 

N-l 

'Atti. /- - ' 



Here IIa is the (rank one) spectral projection associated to Aj, since the distance from Xj to the 
other eigenvalues is > h/C, Il\ . is uniformly bounded in norm when /i — j 0. 

Remark 12.1 If we drop the assumption on the eigenvalues of the quadratic approximations, 
then for instance two eigenvalues Ai and A2 can be very close together but separated from the 
others by h/C, and (since we are dealing with a non-selfadjoint operator) we can not state that 
Hi and 112 are uniformly bounded when ft, ^ 0. But the sum Hi + 112 will have this property and 
so will the term e~'^^*Ili + e~^'^*Il2 in H12.13|) . This kind of situation will appear when there is a 
symmetry, and to have a more complete understanding in that case would include problems about 
the tunnel effect. 

We estimate the last integral in 112. 13|) using the decomposition 7 = 7int U 7ext: 
— f e^*^/''(z - P)-^dz = Oih)e-i''''- == 0{l)e-''\ 

1 r r°° ,21 1 



e 



''/\z - Py'dz = 0(1) / e"^'*^^' -^dy 



2^W7,xt Jcib^h hsy-i 

_0{1) 



t -Itb 



C30 

e~^xdx 



0(1)(7 + T2K"'- 



,1 1 

Here and below, we let the prefactors 0(1) depend on b, Cq Combining this with (|12.13|l . we get 

JV-l 

g-tPA ^ Y e-*^^/''nA, + 0(1)(1 + - + ^)e-*^ (12.14) 



It is quite possible that the last estimate improves for small t when we let e~"^PI^ act on elements 
in the domain of P. Since P is accretive with ReP > —Ch we can get rid of the terms \/t and 
1/i^. The proof of Theorem II. 41 is complete. 
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13 Application to the Kramers-Fokker-Planck operator 

In this section we prove Theorem 11.11 and compute the eigenvalues of the Kramers-Fokker-Planck 
operator with quadratic potential V : 

P = vhd.^- V'{x) ■ hd„ + ^{-{hdyf +v^- hn). (13.1) 

We will recall the classical procedure to obtain this operator by conjugation from 

Pfp=v hd^ - V'{x) ■ hdy - ]phd^ ■ {hdy + 2v). (13.2) 

In this article V^ is a C°° potential with bounded derivatives of second and higher order, and x, 
V e M". We suppose that V has a finite number of critical points. 

We observe (see for example [5]) that the first two terms form the Hamilton field X^ of the 
Hamiltonian q where 

q{x, v) = -w^ + V{x), Xo=vhd^- V'{x) ■ hd^, 

when V is considered as the dual variables of x. The Maxwellian is defined by 

and we get the formally conjugated operator P = M^^^PppM^^^^ in p3.1|l . 

Metrics and hypotheses 

In this section we check that the Kramers-Fokker-Planck operator satisfies the hypotheses of the 
main theorem under the simple assumptions that 1^ is a Morse function with bounded derivatives 
of order 2 and higher, such that |l^'(x)| > 1/C when |x| > C Denote by (C,?y) the variable dual 
to (x, v). Then 

P^p"" - 21^, with p^l{v^ + rf) +iv-^- iV'{x) ■ rj. 

(Note that for this operator p^ — p{x, hD^)). We introduce the natural weight associated to P 

\\x, e, z;, 7,) = 1 + {V (x)f +e + v^ + r,\ 

and the metric 

Fo = dx^ + dv^ + ^ , ' . 

We note that A is C°° and that 

Ae^(A,Fo), A'g5(1,Fo), 
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since V is with second derivative bounded. Let us now check that p satisfies the symbohc estimates 
H1.4I) . Denoting p = pi + ip2 and p = (x, w, ^, rj) we get 

P2{p) ^v ■£,-¥' {x) -f], 
dpiip) =7(0,1;, 0,77), 
dp2{p)=l{-V"{x)-^,i,v,-V'{x)), 
/ \ 



d Piip) =7 



(13.3) 



/d 



\ Id J 

Hp,{p) =v-d,- V\x) -d^+v-V'-d^-^-d^, 

Hp^Piip) = -7? ■ V - lV'{x) ■ V, 

dHp^Piip) = {-'jV"{x) ■ V, -'jV'ix), -jTj, -7O, 

HpMp) = -IV ■ V"{x) ■ V + j{V'ix)f - 77? • V'ix) ■ 77 + 7^^ 

We get directly, using that the derivatives of V of order 2 and higher are bounded, that 

Pi>0, pe5(A2,ro), dpeSiX,ro), aVe^(i,ro), ai/p.pi e 5(A,ro). (13.4) 

Besides, let us denote by {pj} the critical points of p. We notice that they are of the form {xj , 0, 0, 0) 
where {xj} are the critical points of V. By S^ we denote a C°° function equivalent to the distance 
to the set {pj}. Then for eg sufficiently small we have 

pi + eoHlp, = 7 (eo(l/'(x))2 + eof + v ■ {Id/2 - e^V" {x)) ■ v + t^ ■ {Id/2 - e^V" {x)) ■ r,) 

S^ in a fixed compact set including the pjS, (13.5) 

A^ away from a neighborhood of the pjS. 

The last thing to check is that the metric Fq is (classically in the sense of (|7.3ll ') admissible. A 
simple adaptation of Proposition 5.11 in [Hj shows that Fq is d-admissible. Note that it is therefore 
semiclassically admissible (in the sense of (I?.!!!) *) since in that case weaker assumptions are needed. 
As a consequence we can apply to the Kramers-Fokker-Planck operator P = p^ — 7/171/2 the 
main Theorem 11.21 In order to be complete we compute now the eigenvalues of the quadratic 
approximation Pq of P near the critical points. 

Eigenvalue computation 

Here we will compute explicitly the Xj that occur in the formula for the spectrum given in Proposi- 
tion |^2 In addition we compute the constant term that also contributes to the eigenvalues. Thus 
we obtain the spectrum up to o{K). We assume that p has a single critical point at x = and 
that V is quadratic. After a simultaneous orthogonal change of coordinates in x and in v, we may 
assume that 

71 

V{x)^\Y,d,xl (13.6) 
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(The assumption that y is a Morse function imphes that aU the dj are different from 0.) 
With this choice of V, the operator Ppp equals 

Pfp = -^hn + {x, V, D,,D,)W{x, v, D,,D,f. (13.7) 

where the matrix W is given by 

/ -^hvj^'A 

^hl -^-fhl 



W ^ 



|/i/ 



As we explained, the operators P and Pq of Proposition 15.11 are obtained by conjugation, which 
corresponds to a complex symplectic coordinate transformation of the symbol. Since the eigenval- 
ues of the linearization of the Hamilton flow are invariant under such a transformation, we can use 
the unconjugated operator Ppp to compute them. 

The matrix VF is of the form M^ = i I ... ,9„ | , where the 2nx2ri matrix A = t^;/ t 

^\ihA h'B )' ^ \^-t/"^ -7/ 

is the linearization of the vector field component of Ppp for h ^ 1. The matrix corresponding to 

the linearization of the Hamilton field is given by 

-' - (r -^ ^ »-) 

Because of (|13.6|) . the eigenvalues of A are obtained simply by diagonalizing the 2x2 matrices 

, I . We find that the eigenvalues of A are given by 

-dj -1) 



7 1 I 7 1 I 

i'j.i = " 2 " 2^'"^ ^ ^'^^' ""^'^ " " 2 ^ 2 V ^^ ~ '^'^'^ 

with j = 1, . . . , 71. Let Sj_fe denote the sign of the real part of Vj^k 

Sj,i = sgn(Re {vj.i)) = -1, Sj,2 = sgn(Re {vj,2)) = - sgn((ij 
It follows that the eigenvalues of W are given by 

ihi>j,i, ihvj^2i —ihvj.i, —ihi'j.2, 
and that the ones with positive imaginary part are given by 

z z / 



ihsj^2Vj,2 = - sgn(dj) ( --7/1 + ^^Y 7^ - 4dj 

The constant term in \l'i.7\ satisfies —^jhn = i tr{A) — i Y^^=ii'^jA + ^j.z)- Thus the spectrum 
of the quadratic operator is given by 

n 

^H ((5 + I^JA + ^.O'Sj.l'^J,! + (l + i'Sj-,2 + kj,2)Sj,2Vj,2) ] ^jM' %,2 £ N 
3 = 1 

Remark 13.1 In the case of quadratic Kramers- Fokker-Planck, the lowest eigenvalue of the 
spectrum is if and only if all the Sj_i, Sj^2 are equal to —1, i.e. if a; = is a minimum of V . 
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